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PREFACE 


THE predecessor of this Modern Solid Geometry, the Wells 
and Hart Solid Geometry (1916), anticipated by several years 
practically all the recommendations of the National Committee 
pertaining to this subject. This was due in part to the fact 
that the text incorporated the spirit of Hilbert’s Foundations 
of Geometry; and, secondly, to the pedagogical ideals which 
actuated the author. 

The Modern Solid Geometry is a refinement of the ideals of 
its predecessor, the logical outcome of ten more years experience 
of the author in teaching the subject. 

The fundamental aim of the author is to offer a nea heres 
cally sound treatment of the subject in thoroughly modern 
pedagogical form. The first part of this ideal is responsible 
for the definitions and statements of the theorems in the text. 
Essentially these definitions are the ones which appeared in 
the Solid Geometry (1916), and which have been recommended 
since then by the National Committee. 

Attention is directed to: the omission of a definition of 
Surface (§ 407); the definitions of Diedral Angle (§ 445) and 
Polyedral Angle (§ 469); of a Solid (§ 490); of Polyedron 
(§ 491); of Cylindrical Surface (§ 555); of Cylinder (§ 560) ; 
and of Sphere (§ 608). Attention is directed also to the clear- 
cut statement of the postulates of the plane (§ 408); to the 
frank acceptance of § 507 as a definition; to the introduction 
of Cavalieri’s Theorem as an unproved theorem, and its use in 
§ 533, § 576, and elsewhere in alternative proofs of certain 
theorems; to the informal treatment of the concept of “limit” 
and the use of it informally in § 581, § 566, § 571, etc.; to the 
more accurate statement and proof in § 562 and § 586 of two 
theorems usually given with less care. 

The unique characteristic of the text is its organization in 
terms of a minimum course supplemented by Optional Topics. 
Adaptation of instruction to the capacities of students is the 
foremost need and ideal of current educational effort. This 
text provides the logical means of accomplishing this purpose. 
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The minimum course includes all the theorems indicated as 
Fundamental by the College Entrance Examination Board. 
These are marked by a star (*) in this text, as in their list. 
The other theorems of the minimum course all appear in the 
list reeommended by the Board. Most of the propositions are 
accompanied by one or more carefully selected exercises. This 
minimum course is probably the briefest one, logically organ- 
ized, which is available for this subject. To complete the 
full requirements of the College Entrance Examination Board, 
this minimum course should be supplemented by study of the 
following Optional Topics: Topic B, pp. 410-412; Topic A, 
pp. 444-450; and Topic D, p. 456. 

To limit the opportunities of able pupils to this minimum 
course is as grave a pedagogical error as to overtax the less 
capable ones. This text provides for the able pupils by means 
of its Optional Topics and its additional exercises. “ Examples 
of such optional topics appear on pages 346-351; pages 378— 
389; etc. This subject matter either appears as subsidiary in 
the list of the College Entrance Examination Board or of the 
National Committee, or it is too difficult for less able pupils. 
All of it appears in some form in current texts. The unique- 
ness of this text consists in definitely setting this material apart 
as not required in the logical development of the minimum 
course. : 

The second means of providing for individual needs is the 
list of additional examples with the unique system of cross 
reference to them. See for example the footnote on page 321. 

The chapter on Elementary Trigonometry is included for . 
two reasons: classes preparing for comprehensive or ordinary 
examinations of the College Entrance Examination Board will 
find this material useful whether or not pupils have studied 
like material earlier in their course; other classes may wish 
to use it to supplement a brief course in solid geometry. 

No effort has been spared to make the book attractive and 
durable. Important topics and almost all propositions start 
at the top of a page, and every demonstration is completed 
without turning to the next page. Authorities, notes, remarks, 
and exercises are printed in a second size type in order to make 
the main body of the text more emphatic, 
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SYMBOLS AND ABBREVIATIONS 


It is not necessary to learn any of these symbols or abbrevia= 
tions until they are introduced in the text. 


SYMBOLS 
A) BIC, Z, angle. 
=, is equal to; equals. A, triangle. 
>, is greater than. CO), parallelogram. , 
<, is less than. ct, rectangle. 
||, is parallel to; parallel. ©, circle. 
L, is perpendicular to. .*., therefore. 
L, perpendicular. =, is identically equal to. 
~, is similar to. >, approaches as limit. 
~, is congruent to. i. m. b., is measured by. 


Any symbol representing a noun is converted into the plural 
by affixing the letter s; thus 4 means angles. 


ABBREVIATIONS 
Adj., adjacent. Def., definition. 
Alt., alternate. Ex., exercise. 
Ax., axiom. Ext., exterior. 
Comp., complementary. Hyp., hypothesis. 
Con., conclusion. Int.,. interior. 
Cong., congruent. Rect., rectangle. 
Const., construction. RE, right. 
Cor., corollary. » St., straight. 
Corres., corresponding. Supp., supplementary. 
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SOLID GEOMETRY 


BOOK VI 
LINES AND PLANES — POLYEDRAL ANGLES 


406. The difference between plane and solid geometry. 
In plane geometry, the figures consisted of points and lines 
which lie in only one plane (§ 2), — like the plane of the 
blackboard. Recall that no definition of plane was given 
(§ 1) or of point or straight line. (See Note 1, p. 24.) 

In solid geometry, the figures do not all lie in one plane. 
For this reason, some of the theorems of plane geometry 
are not true in solid geometry. 

We shall study not only figures consisting of points and 
lines, but also new figures called surfaces. 


407. Surfaces. No satisfactory elementary definition 
of a surface, in general, can be given. The surface of a 
physical object is that part of the object which can, in 
general, be touched ; it separates the object from surround- 
ing space. 

The surface of a pond on a calm day is a plane surface. 

The surface of a croquet ball is a spherical surface. 

The surface of a “ round ” column is a cylindrical surface. 

Ex. 1. If two points on the surface of a ball were joined by a 
straight line, would the line lie on the surface? 

Ex. 2. Are there any two points on the surface of a ball such that 
the straight line through them lies upon the surface of the ball? 

Ex. 3. Are there two points on the surface of a cylindrical column 
such that the straight line joining them lies on the surface of the 
column? 

Ex. 4. Does the straight line joining every pair of points on the 
surface of a cylindrical column lie upon the surface of the column? 


Ex. 56. Give other examples of plane and curved surfaces. 
311 
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408. Three postulates (§ 50) of the plane are suggested 
by Exercises 1-4, and others like them. 


Postulate 1. If two points of a straight line le in a plane, 
every point of the line lies in the plane, — or the line lies 
wholly in the plane. 


Postulate 2. Three non-collinear* points lie in one and 
only one plane; or three non-collinear points determine a 
plane. 


Postulate 3. If two planes have one common point, then 
they have at least a second common point. 


409. Observe the second expression of Postulate 2. 
When we say that a figure is determined by some points, 
or lines, etc., we mean that it is the one and enly figure 
of its kind which does contain the given points, or lines, etc. 


Thus, two points determine a straight line, means that one and only 
one straight line contains the two given points. 


410. Immediate consequences of the postulates of the 
plane. 


Cor. 1. A plane extends infinitely far. 


For, the straight line determined by two points of a plane lies 
wholly in the plane, by Postulate 1. Since this line extends infinitely 
far in two directions, then the plane must also. 


Cor. 2. A plane is determined by a straight line and a 
point not on the line. 

For any two points, A and B, of the line 
and the given point C, not on the line, de- 
termine a plane by Postulate 2. 

Since A and B are in this plane, then AB 
must also be in the plane, by Postulate 1. 

Ex. 6. Dotwostraight lines drawn at random necessarily lie in a 
plane? Illustrate by holding-two pencils. 


Ex. 7. Do four points usually lie in a plane? Select four in the 
schoolroom that do and four that do not. 


Ex. 8. Are two straight lines in space parallel if they do not meet 
no matter how far they are extended? (See § 88.) 


* Points are non-collinear if they do not lie in a straight line. 
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Cor. 3. A plane is determined by two intersecting straight 
lines. 


For a plane is determined by AB, and any point C of BC, excepting 
B, the point of intersection of AB and BC, by 


Cor. 2, § 410. Cc 

AB is in this plane. Since B and C are \B 
in the plane, then, by Postulate 1, BC also A 
is in the plane. 


Cor. 4. A plane is determined by two parallel lines. 


Parallels AB and CD already lie in one plane, by definition. (§ 88.) 
They cannot lie in more than one plane, 
for if they did, points A, B, and C would lie A B 
in more than one plane, which is impossible 
by Postulate 2. 


CD 


411. Points and lines lying in the same plane are said 
to be co-planar. 

Points lying on the same straight line are said to be 
collinear. 


Ex. 9. Why is a tripod used as mounting for a camera or a sur- 
veyor’s instrument ? 

Ex. 10. Why does a stool with three legs stand firmly whereas one 
with four legs cannot always be made to stand firmly? 

Ex. 11. Prove that a plane and a straight line not lying in the 
plane can have only one common point. 

Ex. 12.) In how many different planes can one straight line lie? 

Ex. 13. How many different planes are determined : 

(a) By three concurrent (§ 162) lines which do not all lie in one 
plane? 

(b) By three parallel lines which do not all lie in one plane? 

(c) By two intersecting lines and a point which does not lie in their 
plane? cs 

(d) By four points, no three of which are collinear and which do 
not all lie in one plane? 

Ex. 14. Prove that two parallels and any transversal of them are 
~ co-planar. 


412. The intersection of two surfaces or of a surface 
and a line consists of all points common to the surfaces, 
or to the surface and the line. 
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PROPOSITION I. THEOREM 


413. If two planes intersect, the intersection is a 
straight line. 


Hypothesis. A and B are two points common to the two 
planes MN and PQ. 


Conclusion. The intersection of MN and PQ is a straight 


line. 
Proof: STATEMENTS REASONS 
1 A and B are in plane MN. 1. By the hyp. 
2 -. AB isin MN. 2. § 408; Post. 1. 
3. Similarly AB is in PQ. 3. Give proof. 
4. If apoint outside AB were in MN and |4. § 410; Cor. 2. 


PQ, PQ and MN would coincide. 
But MN and PQ are two planes. 5. By the hyp. 
“. the intersection of MN and PQ is |6. § 412. 
straight line AB. 
Note. Dotted lines will be used to indicate lines which are hidden — 


by planes. Lines made by short dashes will be used to indicate 
construction lines. 


Pupils should draw unshaded figures like the right hand one above. 


sh 


= 


414. If a straight line intersects a plane, the point of 
intersection of the line and the plane is the foot of the line. 
A straight line can intersect a plane in only one point. . 


415. A line is perpendicular to a plane if it is perpen- 
dicular to every line in the plane passing through its foot. 
The plane is also perpendicular to the line. 
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*PROPOSITION II. THEOREM 


416. If a line is perpendicular to each of two inter- 
secting lines at their point of intersection, it is per- 
pendicular to their plane. 


Hypothesis. AD and AC, intersecting, determine plane RS. 
BA AAD? BAT AC. 


Conclusion. BA 1 plane RS. 
Proof : STATEMENTS REASONS 
1. In RS, draw AE, any other line| 1. These are all 
through A. Draw DEC, inter- possible = con- 


secting AD, AE, and AC at D, E, structions. 
and C, respectively. 
2. Extend BA to B’, making AB’ = | 2. All possible con- 
BA Draw DD. BEaBC,.b'D, structions. 
B’E, and B’C. 


See D-=_b PD, ang.bC. = BC. 8. Prove it. ( 4 
4 “. ABDC = AB'DC. 4. Why? S>* 
5. ~.ZBDE =. ZB'DE. 5. Why? = | 
6. 2 ABDE = AB'DE. 6. Prove it. S86 > 
7 BE = B’'E. 7%. Why? = A 

8 But BA = B’A. 8. Step 2. 

9. .«. AF isa 1 -bis: of BB’. 9. §77. 

10. x BA LAL. 10. Why? oO 


11. -. BA Lplane RS. 11. § 415. 


= 


316 Solid Geometry — Book VI 


417. Cor. 1. Through a point on a 
given line, a plane can be passed ioe 
pendicular to the line. 

Plan. Draw BC and BD, any two different 


perpendiculars to AA’ at B. Prove plane BCD 
1 to AA’. 

Note. Through a point in a given line, only 
one plane can be passed perpendicular to the line. 

If planes ME and RE were both | to AC at B, 
a plane AD through AC would intersect ME and 
RE in two lines, BF and BD, each | to AC at B. 
But in a plane (AD) only one line can be drawn 
LL to a given line at a point in the line. c 

418. Cor. 2. Through a point not in a given line, a plane 
can be passed perpendicular to the line. (Figure of § 417.) 

Plan. Draw CB | to AA’ from C; draw BD | AA’ at B, in some 
plane other than plane AA’C. Prove plane CBD 1 to AA’. 

Note. Through a point not in a given line, only 
one plane can be passed perpendicular to the line. Fi 

Rs 


If planes RT and ST, through C, were both L 
to AB, the plane ABC would intersect RT and ST Vig 
in lines XC and YC, each 1 to AB. But in a RO¢—_VT 
plane (ABC) only one L can be drawn toa given ° S| 
line (AB) from a point (C) not in the line. 

419. If two oblique segments, drawn to a plane from a 
point in a perpendicular to the plane, cut off equal segments 
from the foot of the perpendicular, they are equal. (Prove it.) 


420. If two oblique segments, drawn to a plane from a — 


point in a perpendicular to the plane, cut off wnequal seg- 

ments from the foot of the perpendicular, the one cutting off the 

greater segment is the greater. (Prove it.) 
Hyp. ABtlplane MN; BE and BD arein MN. 


BE > BD. 
Con. AE > AD. 


Plan. Take BF = BD, and draw AF. Ss 


Ex. 15. If a line is perpendicular to a line of a plane, is it per- 
pendicular to the plane? 


Ex. 16. State and prove the converse of § 419. 


} 
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*PROPOSITION III. THEOREM 


421. Through a point in a plane, one and only one 
straight line can be drawn perpendicular to the plane. 


Fic. 1 HIGs 2 


Hypothesis. Point O liesin plane MN. (Fig. 1.) 


Conclusion. (I) One perpendicular, and (II) only one per- 
pendicular can be drawn to MN through O. 


I. Construction: REASONS 


1. Inplane MN, draw any line CD through O. | 1. Possible. 
2 Through O, pass plane RB 1 CD. 2. $417. 
uy Let RB intersect MN in line AB. 3. § 413. 
4. In RB, through O, draw HO 1 AB. 4. § 80. 
Statement : EO 1 plane MN. 
Proof : STATEMENTS REASONS 
£ Since CD | RB, EO 1 CD. 1. § 415. 
2. But HO 1 AB. 2. Const. 
3. -. HO L plane MN. 
Proof of II: (Fig. 2.) STATEMENTS REASONS 
1. Suppose EO and E’O were both | to MN. | 1. See § 93. 
2. EO and E’O determine a plane XY. 2. Why? 
3. Plane XY intersects plane MN in line ZY. | 3. Why? 
4. me HO ZY and BOL ZY. 4. § 415. 
5. But this is impossible. SSI 
6. .. EO is the only L to MN through O. 6. See § 93. 


Ex. 17. Illustrate the construction described in this proposition, 
using for O a point on your desk, and for RB a sheet of cardboard. 
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PROPOSITION IV. THEOREM 


422. All the perpendiculars to a straight line 
through a point in the line lie in the plane which is 
perpendicular to the line through the given point. 


Hypothesis. Plane MN | AB, through point A. 
AE is any line | AB through A. 


Conclusion. AE lies in plane MN. 

Proof: STATEMENTS REASONS 
1. ABand AEF determine a plane ABE. 1. Why? 
2. Plane ABE intersects MN ina line AE’. | 2. Why? 
3; AB LAK’, ot Ab’ LAB. 3. § 415. 
4. But AH L AB. 4. Why? 
5. .. inplane ABHE’, AE coincides with AE’. | 5. § 81. 
6. .. AH lies in plane MN. 6. Why? 


Ex. 18. Each of three concurrent straight lines is perpendicular 
to the other two. Prove that each is perpendicular to the plane of , 
the other two. 


Ex. 19. If a circle be drawn in a plane and a perpendicular be 
erected at its center, any point in this perpendicular is equidistant 
from all points of the circle. 

Ex. 20. A line segment of fixed length, having one extremity at a 
fixed point not on a given plane, has the other extremity on the plane. 
What is the locus of the extremity which lies on the plane? 


Ex. 21. If the spokes of a wheel are actually perpendicular to the 
axle running through the hub, where does the rim of the wheel lie? 


Ex. 22. If the hands of a clock are perpendicular to the shaft on 
which they are placed, do they revolve in planes? 
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*PROPOSITION V. THEOREM 


423. One and only one straight line can be drawn 
perpendicular to a plane, from a point not in the plane. 


Hypothesis. Point A lies outside plane MN. 
Conclusion. (I) One and (II) only one straight line can be 
drawn | to WN through A. 


I. Construction: REASONS 


1. Draw DE, any straight line in plane MN. | 1. Possible. 
2. From A, draw AF | DE, meeting it at F. | 2. § 82. 
Es In MN, draw XF L DE, at F. 3. § 80. 
4. In plane AFX, draw AB L XF. 4. § 82. 
Statement : AB | to plane MN. 

Proof: STATEMENTS REASONS 

1. Extend AB to A’ so that BA’ = AB. | 1. Possible 
Draw HA, EB, and EA’ ; alsoF A’. construction. 

2. DE 1 plane AA’F and DE LA'F. 2. § 416, § 415. 
3° (NAFE & AA'FE, and AE = A’E. 3. Prove it. 
4, “HB A AA’ and AA’ J BE. 4. Prove it. 
5. -. ABA’ | plane MN. 5. § 416. 


Proof of II: If AC also were | to MN, then AC and 
AB would both be L to BC, and this is impossible. 

424. Cor. The perpendicular to a plane from a point 
not in tt ts the shortest segment from the point to the plane. 

425. The distance from a point to a plane is the length 
of the perpendicular segment from the point to the plane. 
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426. If two lines are perpendicular to the same 
plane, they are parallel. 


Hypothesis. AB 1 MNatB; CD1MN at D. 


Conclusion. AB || CD. 
Plan. Prove AB and CD co-planar and | to the same line. 
Proof: STATEMENTS REASONS 
1. DrawBDandAD. InMN,drawFE 1 BD.|1. Possible. 
Take DF =DE. Draw BF, BE, AF, and AE. 
2. BF = BE sand “AF = AL. 2. Prove it. 
3. “VAD FE. 3. Prove it. 
4. But CD LFE; and BD L FE. 4. Why? 
5. .. CD, AD, and BD lie in a plane ABDC. |5. § 422. 
6. .. AB and CD are co-planar. 6. § 408, I. 
7. 2 ALB WOOD, 7. Prove it. 
427. Cor. 1. If one of two parallel lines is perpendicular . 
to a plane, the other is also. Aly © 
Hyp. AB ||CD. AB 1 plane MN. 
Con. CD 1 plane MN. N 
Plan. Assume CE 1 MN. > ey 
428. Cor. 2. If each of two straight c 


lines is parallel to a third line, they are 
parallel to each other. 


Hyp. AB ||CD. EF || CD. 
Con. er ALB MELE 
Plan. Assume MN 1 CD. © 


Perpendicular Lines and Planes 321 


REVIEW EXERCISES 


Ex. 23. State three theorems by which to determine a plane. 

Ex. 24. State the three postulates of the plane. 

Ex. 25. What is meant by the intersection of two surfaces? 

Ex. 26. How many lines of intersection are determined by four 
planes which are so located that no three of them pass through the 
same straight line, if each intersects each of the others? 

Ex. 27. (a) Prove that a triangle lies in a plane. 

(b) Does a four-sided figure necessarily lie in a plane? 

Ex. 28. When is a line perpendicular to a plane? 

Ex. 29. Where do all straight lines lie which are perpendicular to 
the same straight line at the same point H? 

Ex. 30. What is true about two straight lines in the same plane 
which are both perpendicular to the same straight line? 

Ex. 31. Is the same conclusion (as in Ex. 30) true if the lines do 
not liein thesame plane? (Illustrate with A 


pencils.) v4 


N 
Ex. 32. If two points lie on opposite 

sides of a plane and are equidistant from 

it, the segment joining them is bisected by M 


the plane. AY: 

——— Ex. 33. If two oblique lines, drawn to a plane from a point ina 
perpendicular to the plane, cut off equal segments from the foot of the 
perpendicular, they make equal angles with the perpendicular. - 

Ex. 34. If through the foot of a perpendicular to a plane a line be 
drawn perpendicular to any line in the plane, then the line drawn 
from its intersection with the line in the plane to any point on the given 
perpendicular is also perpendicular to 


4 the given line in the plane. 
Hyp. AB 1 plane MN; 
AH 1 CD at E. 


Con. BEAD: 

Plan. Take HD = EC. Prove BD 
= BC by first proving AD = AC. M 

Ex. 35. Recall the definition of converse given in §104. Makea 
converse of Ex. 34 by interchanging AH LCD and BE LCD. 
Try to prove the resulting theorem. 

Ex. 36. How does a carpenter use the principle of § 416 when 
placing a corner post so that it will be “ plumb,” or perpendicular 
to a level plane? 

Note. Additional Exercises 1 to 5, p.B57, can be done now. 
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PARALLEL LINES AND PLANES 
429. A straight line and a plane are parallel if they do 
not meet however far they may be extended. 
Two planes are parallel if they do not meet however far 
they may be extended. 
Two straight lines are skew if they do not lie in the same 
plane and do not meet however far they may be extended. 


PROPOSITION VII. THEOREM 


430. If a line outside a plane is parallel to a line 
of the plane, it is parallel to the plane. 


Hypothesis. ; AB || CD. 
Plane MN contains CD but not AB. 
Conclusion. AB || plane MN. 
Proof: STATEMENTS REASONS 
1 AB and CD lie in a plane AD. 1. § 88. 
2. CD is the intersection of AD and MN. 2. Why? 
3. If AB were to intersect MN, the intersec- | 3. Why? 
tion point would be in AD and in MN. 
4. .. AB would intersect CD. 4, § 412. 
5. But AB || CD. 5. Why? 
6. .. AB cannot meet MN, or AB || MN. | 6. See § 93. 
| 481. Cor. 1. Through either of two skew straight lines, 
one and only one plane can be A B 
passed parallel tothe otherline, : 
Prove a plane can be passed is Se ee Bik 
through CD, parallel to AB. Re Pak / 
Plan. Draw CE || AB. Last lat CN Seeelen Scan 
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432. Cor. 2. Through a given point not in either line, 
one and only one plane can be passed parallel to each of two 
gwen skew straight lines. 


Prove a plane can be passed through A parallel to BC 


and DE. 5 a 
Plan. Draw AG || DE, and AF || BC. m 
Prove plane AGF is || to BC and DE. i 
SSS SS aN 
Ex. 37. Using three pencils to repre- if Saenger S G H 
sent the lines AB, CD, and CE, illustrate ,/ Sc 


Ex. 38. Let two pupils, each using two pencils, represent the lines 
BC, DE, AG, and AF, and illustrate the construction of § 432. 


Ex. 39. Through a given point not on a given line, an infinity of 
planes can be passed parallel to the given line. 


Ex. 40. Through a given point not on a plane an infinity of 
lines can be drawn parallel to the plane. 


Ex. 41. Through a given point, a line can be drawn parallel to 
each of two intersecting planes. 


Ex. 42. Does the upper moulding of your front blackboard appear 
to be parallel to the intersection of the front wall and ceiling? If itis, 
what is true about the moulding and the ceiling? 


Ex. 43. Prove that any edge of a crayon box is parallel to each of 
two faces of the box. 


Ex. 44.’ If two planes are parallel, every line of one of them is 
parallel to the other. 


Suggestion. Use the indirect method of proof. 
Ex. 45. You know that two lines are parallel if they are parallel to 


the same straight line. Are two straight lines necessarily parallel 
if they are both parallel to the same plane? 


Ex. 46. Prove that a straight line and a plane, both perpendicular 

to the same straight line, are parallel. 
Hyp. AB1AC; plane MN 1 AC. 
Con. AB || plane MN. 


Plan. Let the plane determined by ™ 
AB and AC intersect MN in line DE. 


324 Solid Geometry — Book VI 


PROPOSITION VIII. THEOREM 


433. If a straight line is parallel to a plane, the 
intersection of the plane with any plane drawn 
through the line is parallel to the line. 


Hypothesis. AB || plane MN. 
Plane BC, through AB, intersects MN in CD. 

Conclusion. AB || CD. 

Plan. Prove AB cannot intersect CD. 

Proof: STATEMENTS REASONS 
1, AB and CD lie in plane ABDC. 1. Hypothesis. 
2. If AB were to intersect CD, it would | 2. Why? 

necessarily intersect MN. 
2 But AB || MN. 8. Why? 
4. .. AB cannot intersect CD. 4. See § 93. 
5. . AB || CD. 5. Why? 


434. Cor. If a line and a plane are parallel, a parallel 
to the line through any point of the plane lies in the plane. 


Hyp. AB || plane MN. aR ae x 

C is any pt. in MN. i ! 

CD || AB. , 

Con. CD.lies in MN. 

Proof. 1. The plane determined by AB and C intersects MN ina 
line CE, through C, parallel to AB. 


2. But CD, through C, || AB. Why? 
3. CD and CE coincide. Why? 
4, CD lies in plane MN. Why? 


Parallel Lines and Planes 325 


PROPOSITION IX. THEOREM 


435. Two planes perpendicular to the same straight 
line are parallel. 


Hypothesis. Planes MN and PQ are | to AB. 
Conclusion. MN || PQ. 


Plan. Prove it by the indirect method, using § 418. 


PROPOSITION X. THEOREM —/! ‘~*~ 


436. If two parallel planes are cut by a third 
plane, the intersections are parallel. 


cv Q 
Hypothesis. Plane MN || plane PQ. 
Plane AD intersects MN in AB and PQ in CD. 
Conclusion. AB || CD. 


Plan. Use § 88. Use the indirect proof, § 93. 

Ex. 47. Prove parallel segments between parallel planes are equal. 

Ex. 48. If two parallel planes intersect two other parallel planes, 
the four lines of intersection are parallel. 

Ex. 49. Prove that a line parallel to a plane is everywhere equi- 
distant from it. 

Ex. 50. If two points are equidistant from a plane, and on the same 
side of it, they determine a line parallel to the plane. 
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437. A straight line perpendicular to one of two 
parallel planes is perpendicular to the other also. 


aa’) Q 
Hypothesis. Plane MN || plane PQ. AD 1 PQ. 
Conclusion. AD 1 MN. 
Plan. Prove AD | two intersecting lines in MN. 
Proof: STATEMENTS REASONS 


1. Through AD, pass two planes in- | 1. Possible construc- 
tersecting MN in AB and AC, and tion. 
PQ in DE and DF, respectively. 
2. AB || DE ; and AC || DF. 2. § 436. 
a) ADs) DEY tends Diep 3. Why? 
(Complete the proof, using § 101 and § 435.) 


PROPOSITION XI. THEOREM 


438. If each of two intersecting lines is parallel to 
a plane, their plane is parallel to the given plane.: 


Hypothesis. AB || plane PQ; AC || plane PQ. 
AB and AC determine plane MN. 


Conclusion. MN || PQ. 

Plan. Prove the two planes | to the same st. line. 
__Proof: STATEMENTS REASONS 
ne From A, draw AD L PQ. ~ 1. § 423. 


2. The plane of AC and AD intersects PQ in | 2. § 433. 
DF, |\to AC. Similarly DE || AB. 
(Now prove: (2) AD DF and ADL DE; (b) ADL MN; 
(c) MN || PQ.) 


% 
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439. The distance between two parallel planes is the 
length of the segment perpen- pica seen TN 
dicular to and between them. vs / 


440. Two parallel planes are Q 
everywhere equidistant. a 


441. Through a gwen point not in a given plane, one and 
only one plane can be passed parallel to the given plane. 


Plan. Draw AB 1 PQ and MN 1 AB, through A. To prove 


the second part, use § 93, § 437, and Note, § 417. - 


*PROPOSITION XIII. THEOREM | ee 
442. If two angles not in the same plane have their 
sides parallel and extending in the same direction, 


they are equal, and their planes are parallel. 


My 


Hypothesis. 2ZBAC is in plane MN; 2B’A’C’ is in 
plane PQ. AB|| A’B’. AC || A'C’. 

Conclusion. 2 BAC = 2 B’'A’C’; MN || PQ. 

Plan. Prove ZA and Z A’ corres. parts of cong. A. 


Proof: STATEMENTS REASONS 
1. AB || plane PQ ; also AC || plane PQ. | 1. $480. 
2. .. MN || PQ. 2. §438. 
3. Make A’B’ = AB and A'C’ = AC. 3. All possible 


Draw AA’, BB’, CC’, BC, and B’C’. constructions. 
4. BB’ = AA’; and BB’ || AA’. Prove it. 
Similarly CC’ = AA’; and CC’ || AA’. 
(Now prove: (a) BB’C’Cisat; (b) AABC=AA'B'C’,) 


e 
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PROPOSITION XIV. THEOREM 


443. If two straight lines are cut by three or more 
parallel planes, the corresponding segments are pro- 
portional. 


Hypothesis. Planes MN, PQ, and RS are parallel. 
AC intersects the planes at A, B, and C, respectively. 
A’C’ intersects the planes at A’, B’, and C’, respectively. 


Conclusion nies A’B’ 
t Bee 2b 
AB A’B’ ; 
Plan. Prove BC and BC to the same ratio. 
Proof: STATEMENTS REASONS 


1. Let AC’ cut PQ at D. Then plane | 1. Cor. 3, § 410. 
ACC’ intersects RS in CC’, and PQ in § 413. 
- BD; similarly plane AC’A’ intersects 
PQ in DB’, and MN in AA’. 
2. ~~ BD || CC’; and DB’ || AA’. 2. Why? 
(Complete the proof, using § 262, and Ax. 1.) 
\ Ex. 51. If two planes are parallel to a third plane, they are parallel ; 
‘to each other. 
Ex. 52. From a parallel to a plane, two parallel segments are 
_ drawn to and terminated by the plane. Prove the segments equal. 


< Ex. 58. Through a given line which is parallel to a given plane, 
& a number of planes are passed, intersecting the given plane. Prove 
hy that all the lines of intersection are parallel. 


Ex. 54. If one of two parallel lines is parallel to a plane, the other 
is also, unless it lies in the plane. 
Ex. 55. Prove that the segments joining in order the midpoints of 
the sides of a skew quadrilateral form a parallelogram. 
Note. Additional exercises 6 to 11, p. 457. can be done now. 
; 4 


% 
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DIEDRAL ANGLES 


444. It is evident that a straight line divides a plane 


into two parts. A part of the plane, like B 
BCD, is called a half-plane. BC is called 
the edge of the half-plane. A - | 


445. A diedral angle is the figure formed by two half- 
planes which have a common edge. 

The common edge is the edge and the two half-planes 
are the faces of the diedral angle. oe 

Thus, BF and BD form the diedral angle whose 
edge is BE, and whose faces are FBE and DBE. 

The diedral angle may be read: 

diedral ZBE, or diedral ZABEC. 


446. Two diedral angles are adjacent when 
they have the same edge and acommon face 8 
between them: as ZABEC and ZCBED. 

Two diedral angles are vertical when the 
faces of one are the extensions through the 
edge of the faces of the other. E 


447. A plane angle of a diedral angle is formed . 
by two rays, one in each face, drawn perpen- Cc 
dicular to the edge at the same point. 


Thus, if AB and AC be drawn in faces DE and DF , 
respectively, perpendicular to DG at A, Z BAC isa plane 


angle of the diedral angle DG. G 
448. All plane angles of a given diedral angle are equal. 
Prove ZLBAG = ZBIA'C"’. 


449. A plane perpendicular to the edge of a diedral angle 
intersects the faces of the angle in lines which form a plane 
angle of the diedral angle. 

If a plane intersects ZDG in AB and AC, so that it is perpen- 
dicular to edge DG, prove AB | DG and AC 1 DG. 

450. Two diedral angles are equal if they can be made 
to coincide. 
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PROPOSITION XV. THEOREM 


451. Two diedral angles are equal vf their plane 
angles are equal. 


Hypothesis. 2CBA and ZC’B’A’ are the plane 4 of 
diedral 4 BD and B’D’ respectively; ZCBA = ZC’B’A’. 


‘Conclusion. PENG D) es LZ IBMIDY 
Plan. Prove that the 4 can be made to coincide. 
Proof: STATEMENTS REASONS 


1. Place ZBD on ZB’D’ so that ZCBA coin- | 1. § 60. 
cides with its equal, ZC’B’A’. 


2. BD Lplane CAB; BD 1 plane C’A’B’. 2. Why? 
oh .. BD coincides with B’D’. 3. § 421. 
4. .. A’D’ coincides with AD, and C’D’withCD. | 4. Why? 
5. gt BAD ere 5. Why? 


452. Cor.1. If two diedral angles are equal, their plane 
angles are equal. 


Plan. Make the 4 coincide; then form their plane Z. 

453. Cor. 2. If two planes intersect, vertical diedral angles , 
are equal. 

Plan. Compare their plane angles. 

454. A diedral angle is right, acute, or obtuse according 
as its plane angle is right, acute, or obtuse. Two diedral 
angles are supplementary or complementary according as 
their plane angles are supplementary or complementary. 


455. Two planes are perpendic- 
ular if the diedral angles formed 
are right diedral angles. 
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*PROPOSITION XVI. THEOREM 


456. If two planes are perpendicular to each other, 
a straight line drawn in one of them perpendicular 
to their intersection is perpendicular to the other. 


Hypothesis. Plane PQ | plane MN. PQ intersects MN 
inQ@R. Line AB in PQ 1 QR. 


Conclusion. AB | MN. 

Proof: STATEMENTS REASONS 
1. Draw C’BC in MN, 1 to QF at B. 1. Possible. 
a. But AB 1 QR at B. 2. Why? 
3. .. ZABC is the plane Z of ZPQRN. | 3. Why? 
4, But ZPQRN is art. diedral Z. 4, Why? 


(Complete the proof, using § 454 and § 416.) 


457. Cor.1. If two planes are perpendicular to each 
other, a perpendicular to one of them at any point of their 
intersection lies in the other. 

Hyp. Plane PQ | plane MN, intersecting it in QR. 

AB, drawn from any pt. B of QR, | MN. 
Con. AB lies in PQ. 
Plan. Prove that a line in PQ, | to QR at B, coincides with AB. 


458. Cor. 2. If two planes are perpendicular to each 
other, a perpendicular to one of them from any point of the 
other lies in the other. 

Hyp. Plane PQ 1 plane MN, intersecting it in QR; 

AB, drawn from any pt. A of PQ, 1 MN. 
Con. AB must lie in PQ. 
Plan. Prove that a L from A to QR must coincide with AB. 
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* PROPOSITION XVII. THEOREM 


459. If a straight line is perpendicular to a plane, 
every plane which contains the line is perpendiculur 
to the plane. 


Hypothesis. AB 1 plane MN, at B. 
PQ, any plane which contains AB, intersects MN in QBR. 


Conclusion. PQ 1 MN. 

Plan. Prove Z PQRN is art. diedral 2. 

Proof: STATEMENTS REASONS 
1. In MN, draw C’BC through B, L QR. 1. § 80. 
2. But AB 1 QR, through B. 2. Why? 
3. .. ZABC is the plane Z of ZPQRN. 3. Why? 


(Complete the proof, using § 415, § 454, and § 455.) 


Ex. 56. (a) Prove that a plane can be passed through a point 
perpendicular to a given plane. (b) How many such planes can be 
drawn? 


Ex. 57. Prove that a plane perpendicular to the edge of a diedral - 
angle is perpendicular to the faces of the angle. 


Ex. 58. Prove that a plane can be drawn bisecting a diedral angle. 


Ex. 59. If one plane meets another plane, the adjacent diedral 
angles formed are supplementary. 


Ex. 60. If perpendiculars are drawn to the 
faces of a diedral angle from any point within 


the angle, they lie in a plane perpendicular to P 4 

the edge of the diedral angle and form an angle 

which is the supplement of the plane angle of 

the diedral angle. R Ss 


Plan. Use the sum of the angles of a plane quadrilateral. 


(\\w7 a." 
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*PROPOSITION XVIII. THEOREM 


460. A plane perpendicular to each of two inter- 
secting planes is perpendicular to their intersection. 


Hypothesis. Plane MN | planes RS and PQ. 
RS intersects PQ in line AB. 
Conclusion. MN 1 AB. 


Plan. Provea | to MN from A coincides with AB. (§ 458.) 


Ex. 61. Are two planes which are perpendicular to the same plane 
necessarily parallel? 

Ex. 62. If a plane is perpendicular to one of two parallel planes, 
it is perpendicular to the other also. 

Ex. 63. If a plane is perpendicular to a line of a plane, it is per- 
pendicular to the plane. 

Ex. 64. If a straight line is parallel to a plane, any plane per- 
pendicular to the line is perpendicular to the plane. 


Hyp. AB || plane MN. 

Plane PR 1 AB at C, intersecting 
MN in RQ. 

Con. PR LMN. 


Plan. 1. Draw lineCDin PR LQR. wy 

2. Let the plane determined by CB and CD nya a MN in DE. 

3. Prove CD 1 MN. 

Ex. 65.) Prove that any point in the plane through the bisector of 
an angle and perpendicular to 
the plane of the angle is equi- 
distant from the sides of the 
angle. 

Pianve lee Drawer liye nO; 
RT LOA,andRS LOB. Draw 


PT and PS. 
2. Prove PR 1 MN (§ 456), PT LOA (Ex. 34), PS 1 OB. 
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PROPOSITION XIX. THEOREM 


461. Through a given straight line not perpen- 
dicular to a given plane, one and only one plane can 


be passed perpendicular to the given plane. 
A 


N 
Hypothesis. ABis not | to plane MN. 
Conclusion. One and only one plane can be passed through 


AB 1 to MN. . 
Proof : STATEMENTS REASONS 
I Draw AC | to MN from A. 1. § 423. 


2. AC and AB determine a plane | to MN. } 2. Prove it. 
3. If two planes through AB were | to MN, | 3. Why. 
then AB, their intersection, would also be 
Lto MN. 
But AB is not L to MN. 4. Why? 
5. .. only one plane can be passed through | 5. See § 93. 
AB Lto MN. 


Note 1. If AB lies in MN, the theorem is still true. Why? 

Note 2. If AB | MN, an infinity of planes can be passed through 
AB Lto MN. Why? 

Ex. 66. Given a line and a point not on that line, — both lying in 
a given plane. Prove that a plane can be passed through the given 
point, perpendicular to the given plane, and parallel to the given line. 
- » Ex. 67. Given two parallel lines whose plane is not perpendicular 
to a second given plane. Prove that planes passed through these 
lines, perpendicular to the second given plane, are parallel. 

Suggestion. Use § 461 and § 442. 


Ex,68. If a plane and a line not in it are both perpendicular to a 
second plane, then the first plane and the line are parallel. 


Suggestion. In the first plane, draw a line perpendicular to the in- 
tersection of the two planes. \ 
& 


- 
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PROPOSITION XX. THEOREM 


462. Between two skew straight lines, one and only 
one common perpendicular can be drawn. 


Hypothesis. AB and CD are two skew straight lines. 


Conclusion. (I) One and (II) only one common | to AB 
and CD can be drawn. 


Proof of I: STATEMENTS REASONS 


Through CD, pass plane MN || to AB. | 1. § 481. 


i 


2. Through AB, pass plane AH | to MN, in- | 2. § 461. 
tersecting MN in line GH. 

3. .. GH || AB. 3. §433. 

4. If GH || CD, then AB || CD. 4. § 428. 

5. But AB is not || to CD. 5. Hyp. 

6. .. GH intersects CD at a point G. 6. § 93. 

7. In plane AH, draw AG | to GH, atG. | 7. § 80. 

8. . AG L MN. 8. § 456. 

9. “SAG LCDs also AG 1 AB: 9. Prove it. 
Proof of II: STATEMENTS REASONS 

1. Assume KH 1 CD and also KE 1 AB. 1. See § 93. 

2. Draw EF ||\toAB. Then EHF liesin MN. | 2. § 434. 

Bs - KE LEF,and KE MN. 3. Prove it. 

4. Draw KL in plane AH 1 to GH. 4. § 82. 

5. Pele 5. § 456. 

6. But KE and KL cannot both be | to MN. | 6. Why? 

7. .. KE cannot be 1 to both CD and AB. | 7. See § 93. 


463. The perpendicular segment between two skew straight 
lines is the shortest segment between them. 
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PROPOSITION XXI. THEOREM 


464. I. Any point in the plane which rs perpen- 
dicular to a segment at its mid-point is equidistant 
from the ends of the segment. 


Hypothesis. AC =CB. Plane MN | AB, through C. 
Conclusion. Any point on MN is equidistant from A and B. 


[Proof left to the pupil.] 


II. Any point which rs equidistant from the ends 
of a segment is in the plane perpendicular to and 
bisecting the segment. 


Hypothesis. D is any point equidistant from A and B. 
Conclusion. D lies in a plane perpendicular to AB at its 
mid-point. 


Proof: STATEMENTS REASONS 


1. Dliesin a line CD | to and bisecting AB. | 1. § 116, II. 
eh, But CD lies in the plane L AB at C. 2. § 422. 
3. ..D lies in the plane and bisecting AB. 3. Why? 


465. Cor.1. The locus of points in space equidistant 
from two points is the plane perpendicular to and bisecting 
the segment joining the points. 


466. Cor. 2. . The locus of points equidistant from the. 
vertices of a triangle is the straight line perpendicular to the 
plane of the triangle, drawn through the center of the cir- 
cumscribed circle of the triangle. 


“th 
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PROPOSITION XXII. THEOREM 


467. I. Hvery point in the plane bisecting a 
diedral angle is equidistant from the faces of the angle. 


Hypothesis. Plane BE bisects diedral 2 ABDC. 
P is any point in plane BE. 
PM 1 plane AD; PN 1 plane DC. 


Conclusion. Vie Ne 
Plan. Prove PM and PN corres. parts of & A. 
Proof: STATEMENTS REASONS 


1. PM and PN determine a plane which | 1. Why? 
intersects AD, BE, and CD in FM, FP, 
and FN respectively. 


2. Plane PMFN AD, and also LCD. 2. Why? 
<p JP MEN ASBD; 3. Why? 
4. .«. 4PFM and PFN are the plane 4 of | 4. Prove it. 


Gicccal 4 ABDE and CBDE, respectively. 
(Complete the proof.) 

II. Any point within a diedral angle and equi- 
distant from tts faces les in the plane bisecting the 
diedral angle. 

Hypothesis. Planes AD and CD form diedral 2 ABDC. 

PM plane AD; PN 1 plane AC; PM = PN. 

Conclusion. FP lies in the plane bisecting 2 ABDC. 

Plan. Prove plane PBD bisects the diedral angle. 

468. Cor. The locus of points equidistant from two 
- intersecting planes consists of the planes bisecting the diedral 
angles formed by the planes. 
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POLYEDRAL ANGLES 


469. The figures below represent polyedral angles. 


O O 


A D 

B Cc 

Each is formed of portions of three or more intersecting 
planes, called the faces of the polyedral angle. The faces 
intersect in one common point, the vertex of the angle. 
Each face has two edges, the edges of the polyedral angle. 
On each face, the two edges form an angle, called a face 
angle of the polyedral angle. Each pair of consecutive 
faces forms a diedral angle of the polyedral angle. 

Sometimes a plane is drawn, not through the vertex but 
intersecting all the faces, to aid in picturing the number 
of faces of the polyedral angle, as in ZO—ABCDE. 

A polyedral angle is convex if the polygon formed by a 
plane which intersects all its faces on one side of its vertex 
is a convex polygon. (§ 121.) 


470. A triedral angle is a polyedral angle having three 
faces. 


Ex. 69. (a) Construct from stiff 
paper two triedral angles, using the 
first pattern. Bend the paper along the 
lines OB and OC so that the letters are 
on the outside, and bring OD around to 
coincide with OA. 

(b) Construct a third triedral angle, 
using the second pattern. 

(c) Can you make your first two 
triedral angles coincide? 

(d) Can you make your third triedral 
angle coincide with either of your first 
two? 
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471. Two polyedral angles are congruent if they can 
be made to coincide. The parts of one are equal to the 
parts of the other and are arranged in the same order. 


472. Two polyedral angles are symmetric if the face 
angles and the diedral angles © o 
of the one are equal respec- 
tively to the corresponding 
parts of the other, but are ar- 
ranged in opposite order. 

It is evident that symmetric 
polyedral angles cannot be made to coincide. (Ex. 69, d.) 


473. Two polyedral angles are vertical if the edges of 
the one are the prolongations through the vertex of the 
edges of the other. 

Obviously, vertical polyedral angles have the same 
vertex and the faces of the one lie on the same planes as 
the corresponding faces of the other. The face angles 
of the one equal the corresponding face angles of the 
other (why ?), and the diedral angles of the one equal the 
corresponding diedral angles 
of the other. (See § 453.) But 
the parts of the one are ar- 
ranged in opposite order to the 
corresponding parts of the 
other. Fig. 2 at the right 
is obtained from Fig. 1 by 
moving ZO — A’B’C’ paral- 
lel to itself to the right, and 
then revolving it forward until 
faceOA’C’ comes into the same 
plane as OAC. To pass from OA to OB, to OC, one moves 
from left to right ; to pass from OA’ to OB’, to OC’, one 
moves from right to left. 


474. As a consequence of the foregoing paragraphs, 
two vertical polyedral angles are symmetric. 


Fie. 1 Pie. 2 
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PROPOSITION XXIII. THEOREM 
475. The sum of any two face angles of a triedral 


angle is greater than the third. 


Note. The theorem requires proof only when the third face angle 


is greater than either of the other two. 
O, 


B 


Hypothesis. In 2O-ABC, 2 AOC > Z oe, and 


ZAOC > Z BOC. 


Conclusion. 2Z AOC < ZAOB+4+ Z noc 


Proof: STATEMENTS 


REASONS 


1. In face AOC, draw OD making 
ZAOD = ZAOB. 
2. Draw AC, cutting AO at A, OD at 
D, and OC at-C. Take OB = OD. 
3. Plane ACB cuts the faces in AC, 
AB, and BC. 


4. AAOB = AAOD, and AB = AD. 

5. In AABC,AB+ BC > AD+ DC. 

6. PLU i 

7: In ABOC and ACOD, 
ZEOGsSe2COD, 

8. .. ZAOB + ZBOC > ZAOD + 


ZCOD. 
9. .«. ZAOB + ZBOC > ZAOC 
or ZAOC < ZAOB + ZBOC. 


9. 


Eel ees 


ZAOC > ZAOB. 


Possible construc- 
tions. 


§ 418. 
Prove it. 
Why? 
. Ax. 10, § 148. 
Prove it, using 


§ 156. 
Ax. 9, § 148. 


Why? 


Ex. 70. Prove that any face angle of a polyedral angle is less 


than the sum of the: remaining face angles. 


Plan. Divide the polyedral Z into triedral 4 by passing planes 


through any lateral edge, and use § 475. 


Ex. 71. What theorem of plane geometry is recalled by § 475? 


— 
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476. The sum of the face angles of any convex 
polyedral angle is less than four right angles. 


Hypothesis. O-ABCDE is any convex polyedral 2. 
Conclusion. 2AOB+ Z BOC + ete. <4 rt. 4. 


Proof : STATEMENTS REASONS 
Ie Pass 3 plane cutting the faces of the polye- | 1. § 469. 
dral Z in the convex polygon ABCDE. 
2. Join any point O’ inside ABCDE to A, |2. §5,a. 
B, C, D, and E, by segments O’A, O’B, 
OC, OD, and O'F. 
3. In ZA-EOB, ZOAE + ZOAB > ZEAB ; |3. § 475. 
or ZOAH + ZOAB > ZEAO’ + ZO’AB. 
Similarly, ZOBA + ZOBC > ZABO’ + 
ZO BC = otc: 
4. Adding, the sum of the base 4 of the A |4. Ax. 12, 
whose vertex is O is greater than the sum § 148. 
of the base 4 of the A whose vertex is O’. 
5. But, the sum of all the 4 of the A whose | 5. Why? 
vertex is O equals the sum of all the 4 of 
the A whose vertex is O’. 
6. .. the sum of the 4 at O is less than the | 6 Ax. 13, 
sum of the 4 at O’. § 148. 
7. But the sum of the 4 at 0’ =.4 rt. 2. 7. Why? 
8. .. the sum of the 4 at O < 4rt. 4. 8. Why? 


Note. Notice that the inequality in Step 3 does not mean that 
ZOAE > ZO’'AE and ZOAB > ZO’AB; rather, the sum of ZOAE 
and ZOAB is greater than the face angle HAB of triedral Z A-EOB. 
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PROPOSITION XXV. THEOREM 


477. If two triedral angles have the face angles of 
the one equal respectively to the face angles of the 
other, their corresponding diedral angles are equal. 


Hypothesis. In triedral 4 O-ABC and O’-A’B(’: 

ZAOB = ZA'OB'; 2 BOC = ZB'O'C': ZGOA=_2 CO Al 
Conclusion. Diedral 2 OA = diedral 2 O'A’; ete. 
Proof: STATEMENTS REASONS 


1. Make OA=OB=0C=0'A'=0'B'=0'C’; | 1. Possible. 


draw AB, BC, AC, A'B’, B’C’, and A’C’. 

2. AOAB = AO’A’B’, and AB = A’B’.| 2. Prove it. 
Similarly BC = B’C’, and AC = A’'C’. 

s; ZBAG =, ZB'AIC. 3. Prove it. 

4. On OA and O’A’, take AD = A’'D’;| 4. All are 
draw DE | OA, cutting AB at E; draw peeile 
DF LOA, cutting AC at F; draw EF.| 9 (oneree 
Similarly draw D’E’, D’F’, and E’F’. 

5. «. AADE = AA'D'E’. 5. Prove it. 

6. . AH = A'E’, and DE = D’E’. 6. Why? 
Similarly AF = A’F’, and DF = D’F’. ; 

7 . AAEF = AA’E’F’, and EF = E’F’. | 7. Prove it. 


8. ZO Tee ee 8. Prove it. 
9. SEDF and E’D'F’ are the plane 4 of Why? 
the 4OA and O’A’ respectively. 
10. .. diedral ZOA = diedral ZO’A’. 10. Why? 
Similarly ZOB = ZO’B’ ; ete. 


oad 
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478. Cor. If two triedral angles have the face angles 
of the one equal respectively to the face angles of the other: 

(a) they are congruent if the equal parts are arranged in 
the same orders; 

(b) they are symmetric if the equal parts are arranged in 
opposite orders. 

Observe that the proof of § 477 applies for Fig. 3, as well as for 


Fig. 2. This corollary therefore is an immediate consequence of 
§ 477, § 471, and § 472. 


Note. Further theorems about triedral angles appear as Optional 

Topic C, on page 351. 
Review Exercises 

Ex. 72. When do two given straight lines determine a plane? 

Ex. 73. Do three points always determine a plane? 

Ex. 74. Is a trapezoid a plane figure? 

Ex. 75. How many planes can be passed parallel to a given plane: 

(a) through a given point not in the given plane? 

(b) through a given line parallel to the given plane? 

(ce) through a given line not parallel to the given plane? 

‘Ex. 76. How many planes can be passed perpendicular to a given 
plane: 

(a) through a given point? 

(b) through a given line not perpendicular to the given plane? 

(c) through a given line perpendicular to the given plane? 


Ex. 77. Are lines in space parallel if they are: 


(a) perpendicular to the same straight line? 
(6) if they are perpendicular to the same plane? 


_ Ex. 78. How many lines can be drawn to the same plane? 


Ex. 79. Are planes parallel if they are: 
(a) perpendicular to the same straight line? 
(b) if they are perpendicular to the same plane? 


Ex. 80. Is a line perpendicular to a plane if it is perpendicular to a 
line of the plane? 
Ex. 81. Can two intersecting planes be perpendicular to: 


(a) the same straight line? 
(b) to the same plane? 
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Ex. 82. (a))If a line is parallel to a plane, is it parallel to every 
line in the plane? 
(b) Is it parallel to any line or lines in the plane? 


Ex. 83: -In the figure for § 443, if AB = BC and A’C’ = 20”, 
how long is A’B’? 

What can you infer in each of the exercises 84 to 100 inclusive, 
if the facts stated in the exercise are known: 

(Draw a figure, if necessary, to represent the given conditions.) 

Ex. 84. Line XY | AB at A and XY 1 AC at A. 

Ex. 85. Line XY || line ZW and XY 1 plane MN. 

Ex. 86. AX, AY, and AZ, are all | to line RS at A. 

Ex. 87. Line AB || line CD and plane MN contains CD. 

Ex. 88. Line XY || line AB and line RS || AB. 

Ex. 89. Line XY .L plane MN, and line RS | plane MN. 


Ex. 90. Line RS || plane MN, and plane XY, containing RS, inter- 
sects MN in line CD. 


Ex. 91. Plane MN || plane RS, and line AB L plane MN. 


Ex. 92. Plane MN || plane XY, and plane RS cuts MN in AB 
and XY in CD. 


Ex. 93) Lines AB and CD intersect and form plane MN. AB || 
plane R&S and CD || plane RS. 


Ex. 94. Plane MN 1 line AB, and plane RS L line AB. 
Ex. 95. Lines AB and XY are parallel, also line AC || line XY. 


Ex. 96. Plane MN | plane RS. A is on their intersection. 
AB-L RS. 


Ex. 97. Line AB 1 plane MN. Plane CD contains AB. 


Ex. 98. Plane MN 1 plane RS. Line AB is in MN. AB L the ° 


intersection of MN and RS. 
Ex. 99. Plane MN 1 plane RS. A is in MN, and line AB 1 RS. 
Ex. 100. Plane MN intersects plane RS in line AC. Plane XY 
_ 1 MN, and XY 1 RS. 
* Ex. 101. Can a triedral angle have face angles which measure 
130°, 40°, and 80°? 


: Ex. 102. P is the mid-point of line AB. Plane MN contains P 
and MN 1 AB. Rison MN, andis 8” from A. How far is R from 
B? 

’ Ex. 103. A point is 3 ft. from the front wall of a room and also 
3 feet from one of the side walls. In what plane must it lie? 


+ 
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* Ex. 104. If a line in one face of a diedral angle is parallel to one in 
the other face, prove that each is parallel to the edge of the angle. 


Ex. 105. If parallel planes cut off equal distances on one trans- 
versal, they cut off equal distances on all transversals. 


Ex. 106. A line is parallel to one of two perpendicular planes and 
perpendicular to the other. Prove that a plane containing this line 
and intersecting the first given plane intersects that plane in a line 
which is perpendicular to the intersection of the two given planes. 


Ex. 107. If a line and a plane are parallel : 

(a) is a plane which is perpendicular to the line necessarily per- 
pendicular to the given plane? 

(b) is a plane which is perpendicular to the given plane necessarily 
perpendicular to the given line? 


Ex. 108. Prove that a plane can be passed through a given point 
so that it will be perpendicular to each of two given planes. 


« Ex. 109. If each of three planes is perpendicular to each of the 
other two, then each line of intersection is perpendicular to each of 
the other intersections. 


» Ex. 110. A carpenter’s level is used to determine whether a plane 
is level. In how many directions must a plane be tested in order to 
assure that it is level? 


+ Ex. 111. If a line is tangent to a circle, it is perpendicular to. the 
line drawn from the point of tangency to any point on the perpen- 
dicular to the plane of the circle, erected at the center of the circle. 
(Use Ex. 34.) 

® Ex. 112. What is the locus of points equidistant from two points 
A and B and also equidistant from two points C and D? 

» Ex. 113. What is the locus of points on the floor of a room equi- 
distant from the front and one of the side walls of the room? 

~ Ex. 114. What is the locus of points in plane CD equidistant from 
two planes MN and RS which form an angle of 40°? 

Ex. 115. Prove that the segment joining the midpoints of one pair 
of opposite sides of a skew quadrilateral bisects the segment joining 
_ the midpoints of the other pair. 

e Ex. 116. Prove that two angles not in the same plane are equal if 
their sides are parallel each to each, if the parallels extend in opposite 
directions from their respective vertices. 


Note. Additional Exercises 12-15, page 458, can be done now. 
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OPTIONAL TOPICS 


Topic A. Loci in Space. 
Topic B. Projections of Figures. 
Topic C. Analogy between Triangles and Triedral Angles. 


OPTIONAL ToPIc A 


479. The locus of points in space at a given distance from 
a given plane consists of two planes, parallel to the given 
plane and at the given distance from it. (Hasily proved.) 


480. The locus of points in space equidistant from two 
parallel planes is the plane parallel to them and mid-way 
between them. (This also is easily proved.) 

481. Intersection of loci. When two or more conditions 
are imposed upon a point in space, each condition deter- 
mines a locus for that point, and the desired point lies in 
the intersection of the loci. 


The following form of solution brings out all the value of such a 
problem even better than if a figure were drawn. 


Illustrative Problem. What is the locus of points in 
space at a given distance from a given plane and equi- 
distant from two given points? 


Solution. 1. The locus of points at a given distance from a given 
plane consists of two planes parallel to the given plane and at the 
given distance from it. Call this Locus 1. 

2. The locus of points equidistant from two given points is the 
plane perpendicular to and bisecting the segment between the two 
points. Call this Locus 2. 

3. The desired locus is the intersection of Locus 1 and Locus 2. 


Discussion. 1. Generally the plane of Locus 2 will intersect the 
planes of Locus 1 in two straight lines. 

2. Locus 2 may be parallel to the planes of Locus i. In this case, 
there will not be any points satisfying the given conditions. 

3. Locus 2 may coincide with one of the planes of Locus t, The 
plane common to Loci 1 and 2 will be the desired locus. 
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Ex. 117. In a given plane, what is the locus of points equidistant 
from A and B when segment AB is 12 in. long? 


Note. A and B should be assumed not in the given plane. 

Ex. 118. In a given plane, what is the locus of points 6 in. from a 
second given plane? 

Ex. 119. In a given plane, what is the locus of points equidistant 
from two parallel planes which are 10 in. apart? 

Ex. 120. In a given plane, what is the locus of points equidistant 
from the faces of a given diedral angle? 

Ex. 121. In a given plane, what is the locus of points equidistant 
from two intersecting planes? . 


Ex. 122. Find a point which is equidistant from the vertices of a 
given triangle and also equidistant from two parallel planes. 


Ex. 123. What is the locus of points equidistant from the front wall 
and the two side walls of a room? 

Ex. 124. Let AA’, BB’, and CC’ lie above the plane of AABC and 
be perpendicular to it at A, B, and C, respectively. What is the locus 
of points equidistant from the planes AB’, BC’, and AC’? 

Ex. 125. What is the locus of points equidistant from two given 
points and also equidistant from two parallel planes? 

Ex. 126. What is the locus of points equidistant from two parallel 
planes, and also equidistant from two intersecting planes? 

Ex. 127. What is the locus of points equidistant from two given 
points and also equidistant from two intersecting planes? 

Ex. 128. What is the locus of points at a given distance from a 
given plane, and also equidistant from two given points? 

Ex. 129. What is the locus of points equidistant from two inter- 
secting planes and also at a given distance from a given plane? 

Ex. 130. At most, how many points are there which are at a given 
distance from a given plane, equidistant from two other parallel 
planes, and equidistant from two given points? 

Ex. 131. At most, how many points are there which are equidistant 
from four given points, of which three are the vertices of a triangle, 
and the fourth lies outside the plane of the triangle? 

Ex. 132. At most, how many points are there which are equidistant 
from two intersecting planes, equidistant from two other parallel 
planes, and also equidistant from two given points? 

Ex. 133. Are there any points which are equidistant from the 
front wall, the two side walls, and the ceiling of a room? 
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Ex, 134. What is the locus of points on the floor of a room which is 
10 ft. high, if the points are to be 12 ft. from a point on the ceiling 
of the room? 


Ex. 135. What is the locus of points which are 5 in. from plane 
MN and also 10 in. from plane RS? 


Ex. 136. In a given line, find all points which are equidistant from 
two intersecting planes. . 


Ex. 137. At most, how many points are there which are 8 in. from 
one given plane, 10 in. from a second given plane, and 12 in. from a 
third given plane? 


Ex. 138. Prove that the planes bisecting the 
diedral angles of a triedral angle meet in a line, 
whose points are equidistant from the faces of 
the triedral angle. 


Plan. Planes OAD and OBE intersect in 


line OG. Prove OG lies in plane OCF. 2 : 
B 


Ex, 139. Prove that, at most, there is one point which is equi- 
distant from the three faces of a triedral angle, and at the same time 
equidistant from two given points. 


je) 


Ex. 140.) Prove that the three planes determined by the edges of a 
triedral angle and the bisectors of the opposite face angles intersect 
in one straight line. 


Plan. 1. In a figure like that for Ex. 188, assume that OD, OF, 
and OF are the bisectors of 4 BOC, BOA, and AOC, respectively. 

2. Take OA = OB = OC, and draw AB, AC, and BC. - 

3. Prove AD, CF, and EB concurrent. 

4. Prove planes AOD, BOE, and COF meet in a line. 3 


Ex. 141. Prove that the locus of points equidistant from the 
sides of an angle is the plane through the bisector of the angle and 
perpendicular to the plane of the angle. 


Suggestions. Recall § 237 and Ex. 65, Book VI, page 333. 


Ex. 142. Prove that the planes through the bisectors of the face 
angles of a triedral angle, perpendicular to the faces of the triedral 
angle, meet in a line, whose points are equidistant from the edges of 
the triedral angle. — 


Ex. 143. At most how many points are there inside a triedral angle 
which are equidistant from the edges of a triedral angle and 5 in. 
from the vertex of the angle? 
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OPTIONAL TOPIC B. PROJECTIONS ON A PLANE 


482. The projection of a point on a plane is the foot of 
the perpendicular to the plane from the point. 

The projection of a line upon a plane ANB . 
consists of the projections on the plane 


of all points of the line. reese 


Thus, A’B’C’ is the projection of ABC on MN. M 


483. The projection on a plane of a straight line which is 
not perpendicular to the plane is a straight line. 


Plan. 1. Through AB, pass a plane : 
AD 1 MN. M B 
2. Prove that the feet of the ls to MN 
from ABlieinCD. (§ 458.) 
PROPOSITION XXVI. THEOREM 

484. The acute angle which a straight line makes 
with its projection on a plane is the least angle which 
it makes with any line in the plane. 


Hypothesis. BC is the projection of BA on plane MN. 
BD is any other line in MN through B. 

Conclusion. ZCBA < ZDBA. 

Plan. 1. Take BD = BC. 2. Compare AD and AC. 

3. Compare ZCBA and DBA, using § 156. 

485. The inclination of a line to a plane is the acute 
angle made by the line and its projection on the plane. 

486. The projection on a plane of a segment equals the 
_ length of the segment multiplied by the cosine of the inclina- 
tion of the segment to the plane. (For Be = cos ZCBA.) 
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Ex. 144. Can the projection on a plane of a curved or broken line 
be a straight line? 

Ex. 145. If the projection on a plane of a given figure is a straight 
line, then the figure lies in a plane. 

Ex. 146. Let the projection on a given plane MN of a segment of 
length 1 be denoted by J’. What is the relation between / and I’ if: 
(a) 1 L plane MN? (6b) I|| plane MN? (c) 1 and MN make an 
angle of 45°? 

Ex. 147. (a) Asegment 10 in. long is inclined to a plane at an angle 
of 60°. How long is its projection on the plane? (6) Repeat part 
(a) if the angle of inclination is 30°. (c) Repeat part (a) if the angle 
of inclination is 45°. 

Ex. 148. (a) A segment 25 in. long is inclined to a plane at an 
angle of 40°. , How long is its projection on the plane? 

Suggestion. Use § 486. To find cos 40°, use the table, p. 500. 
(b) Repeat part (a) when the angle is 75°. 5 

Ex. 149. If two equal segments are drawn to a plane from a point 
not in the plane, they make equal angles with the plane. 

Ex. 150. If two parallels meet a plane, they make equal angles 
with the plane. 

Ex. 151. If two parallel segments are oblique to a plane, they have 
the same ratio as their projections on the plane. 

Ex. 152. If two parallels are oblique to a plane, their projections 
on the plane are parallel. 

Ex. 153. If a straight line intersects two parallel planes, it makes 
equal angles with the planes. 

Ex. 154. If a straight line is perpendicular to one of two perpen- 
dicular planes, its projection on the other is perpendicular to the inter- 
section of the two planes. e 

Ex. 155. A rectangle ABCD is inclined to a plane MN in such 
manner that sides AB and CD are parallel to MN, but BC and AD 
have an inclination of 60° to MN. If AB is 10 in. long and BC is 20 
in. long, what kind of figure is the projection of ABCD on MN? 

Suggestion. It can be proved that AB L plane BB’CC’. 

Ex. 156. Triangle ABC is.so inclined to plane MN that AB is 
parallel to MN and the altitude CD of AABC makes an angle of 
30° with MN. If AB is 18 in. and CD is 12 in.: 

(a) find the area of AABC. 

(b) find the area of the projection of AABC on plane MN. 


Note. Additional Exercises 16 to 22, p. 458, can be done now. 
& 
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OPTIONAL TOPIC C 
THE ANALOGY BETWEEN TRIANGLES AND TRIEDRAL ANGLES 


Many propositions about triangles can be changed into 
propositions about triedral angles by substituting for the 
word “angle” of the former the words diedral angle, and 
for the word “side”’ of the former the words face angle. 


Ex. 157. Two triedral angles are congruent if a face angle and the 
adjacent diedral angles of the one are equal respectively to a face angle 
and the adjacent diedral angles of the other, provided the parts are 
arranged in the same orders. 

Note. If the parts of one are arranged in the opposite order to 
the parts of the other, the 4 cannot be made to coincide. In this 
case, form the vertical triedral angle to one of the given triedrals. 
It is of course symmetric to that given triedral. Its parts therefore 
will be equal to the parts of the other given triedral and will be 
arranged in the same order as are those of that triedral. It there- 
fore is congruent to the second given triedral. Therefore the second 
given triedral must be symmetric to the first given triedral. 

Ex. 158. Two triedral angles are congruent if two face angles and 
the included diedral angle of the one are equal respectively to two face 
angles and the included diedral angle of the other, provided they are 
arranged in the same order. They are symmetric if the equal parts 
are arranged in opposite orders. 

Ex. 159. If two face angles of a triedral angle are equal, the 
opposite diedral angles also are equal. (Recall the proof of § 68.) 

Ex. 160. If two diedral angles of a triedral Z are equal, the oppo- 
site face angles are equal. A ‘ 

Suggestion. 1. Draw XK 1 plane BOC; 

KY 1 BO; KZ CO; draw XY and XZ. / 

2. Recall Ex. 34, p. 321. C 0 

Note. It is assumed in this figure that K 
falls inside Z BOC. Other possible positions y : 
of point K might be considered. 

Ex. 161. State and prove the theorem corresponding to: 

the bisector of the vertex angle of an isosceles triangle is perpendicular 
to and bisects the base. 

Ex. 162. If two diedral angles of a triangle are unequal, the 
~ opposite face angles are unequal in the same order. 

Note. Additional Exercise 24, p. 459, can be done now. 
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487. Surfaces other than plane surfaces. 

A curved surface is a surface of which no part is plane. 

There are surfaces of which part is 
plane and part is curved; as sur- 
face S. 

There are surfaces consisting of two 
or more parts, each of which is plane; 
as surface T’. 


488. Closed surfaces. Let the plane ABC 2 
intersect the faces of triedral angle O—X YZ. 


The surface consisting of the triangles OAB, 
OAC, OBC, and ABC, and the parts of their 
planes inclosed by them is a closed surface. * e_\ 
Below are other examples of closed surfaces. : 


Every plane antersects such surfaces in a closed line; as 
X YZW. 


Nee ee f 
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489. A closed surface is convex if the intersection of it 
and every intersecting plane is a convex closed line. 


A convex closed line is such that a straight line will cut it in only 
two points. 


490. A convex closed surface incloses a finite portion of 
space, which is called a solid. The surface isthe surface 
of the solid, and is said to bound the solid. The space 
inclosed by the surface is the interior of the solid. 
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491. A polyedron is a solid bounded by portions of 
planes, called the faces of the polyedron. The faces 
intersect in straight lines, called the edges of the polyedron. 
The edges intersect in points, called the vertices of the 
polyedron. The straight line joining any two vertices of 
the polyedron which do not lie in the same face is a 
diagonal of the polyedron. 


492. The least number of planes that can form a poly- 
edral angle is three. Then the least number of planes 
that can form a polyedron is four. 

A polyedron having four faces is a tetraedron ; one 
having six faces is a hexaedron ; one having eight faces 
is an octaedron ; one having twelve faces is a dodecae- 
dron ; and one having twenty faces is an icosaedron. 


AN 


TETRAEDRON HExXAEDRON OcTAEDRON 


\ Ex. 1. Verify for a tetraedron, an octaedron, and a hexaedron, the 
formula 

F+V=£+42, 
where F is the number of faces, V is the number 
of vertices, and E is the number of edges. 

‘fp. ~ Ex. 2. If E, F, G, and H are the mid-points 
of edges BD, BC, AC, and AD, respectively, of 
tetraedron ABCD, prove EFGH a parallelogram. 
Ex. 3. If ABCD is a tetraedron, the section 
made by a plane parallel to each of the edges AB 
and CD is inclosed by a parallelogram. 

Note. Remember that by § 432 a plane can be 
drawn parallel to each of two skew straight lines. 
__» Ex. 4. The lines joining, by pairs, the mid-points 
of opposite edges of any tetraedron, intersect in a 
- common point. 
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493. A prism is a polyedron, two of whose faces lie in 
parallel planes, and whose remaining faces, in order, 
intersect. in parallel lines. The parallel 
faces are the bases ; the other faces are 
the lateral faces ; the edges which are 
not sides of the bases are the lateral 
edges; the perpendicular between the 
planes of the bases is the altitude ; the 
sum of the areas of the lateral faces is « 
the lateral area. 

If a plane cutting all the lateral edges of a prism is 
perpendicular to one of them, its intersection with the 
prism is called a right section of the prism, as X YZWR. 
The plane is obviously perpendicular to all the-edges. 


494, The following important facts about a prism should 
be proved by the pupil (Fig. § 493): 

I. The lateral faces of a prism are inclosed by parallelo- 
grams. . 

Il. The lateral edges of a prism are parallel and equal. 

III. The bases of a prism are in- 
closed by congruent polygons. 

ATV. Sections of the lateral surface 
of a prism made by two parallel planes 
cutting all the lateral edges are congruent 
polygons. 


Suggestion. Prove CDEFG =C'D'E’F’G’. 4 


V. A section of a prism made by a 
plane that is parallel to a base is congruent to that base. 
.) Ex. 5. Prove that every pair of lateral edges of D! F’ 
a prism determines a plane which is parallel to each hen Ties . 
of the other lateral edges of the prism. ry 
» Ex. 6. Prove that the section of a prism made e 
by a plane parallel to a lateral edge is inclosed by 
a parallelogram. Ae 6 


Suggestion. Let plane EF’ be || AA’, a lateral edge of prism AC’. 
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495. The lateral area of a prism equals the perim- 
eter of a right section multiplied by the length of a 
lateral edge. 


Hypothesis. XYZWR is art. section of prism AC’. 
p = perimeter of XYZWR; e = length of AA’; 
S = the lateral area of AC’. 
Conclusion. S =ep 
Plan. Prove area DAB’ =e X XY; etc. Then add. 


496. Kinds of prisms. A prism is triangular, quad- 
rangular, ete., according as its base is triangular, quad- 
rangular, ete. 

A right prism is a prism one of whose lateral edges is 
perpendicular to its bases; hence, all the lateral edges 
are perpendicular to the bases. 

An oblique prism is a prism whose lateral edges are not 
perpendicular to its bases. 

497. Cor. The lateral area of a right prism equals the 
perimeter of the base multiplied by the length of the altitude. 

EM, Ex. 7. The lateral edges of a right prism are equal to the altitude. 
ChsY Ex. 8. The lateral faces of a right prism are inclosed by rectangles. 


498. The volume of a solid is the number of units of 
solid measure which it contains. 
499. Two solids are equal if they have equal volumes. 


~ Two congruent solids are equal; also two solids which consist 
of parts which are respectively congruent are equal. 
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*PROPOSITION II. THEOREM 
500. An oblique prism equals a right prism whose 
base is a right section of the oblique prism, and whose 
altitude is a lateral edge of the oblique prism. 


Hypothesis. FK’isaright prism. Its base FK is a right 
section of oblique prism AD’. Its altitude FF’ = AA’, a 
lateral edge of AD’. 


Conclusion. Prism FK’ = prism AD’. 
Proof: STATEMENTS REASONS 
oo ABCDE = A'B'C'D'E' ; 1. Why? 
FGH KL& F'G'H' K'L’. 
2. AF aA ORG = BG" ete: 2. Prove it. 
3. Slide A K so that AF’, BG, etc., move along |3. § 60. 
AF’, BG’, ete., until A falls on A’. 
4.  .. AB falls on A’B’, and B falls on B’. 4. Why? 


Similarly C, D, and E fall on C’, D’, and E’. 
5. F,G, H, etc., will fall on F’, G’, H’, ete. |5. Why? 
6. .. polyedron AK —& polyedron A’ K’. 6. Why? | 
a .. prism F K’ = prism AD’. 7. § 499. 


501. I. Two right prisms are congruent, and hence equal, 
when they have congruent bases and equal altitudes. 

II. Two prisms are congruent if three faces which include 
a triedral angle of one are congruent respectively to three 
_ faces which include a triedral angle of the other, and are 
similarly placed. (Prove it by superposition.) 


tt 
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Ex. 9. There are upon a porch six columns having the form of 
right prisms with regular octagonal bases. If the side of the base of 
each is 6 in. and the altitude of each is 8 ft., find the sum of thelateral 
areas of the columns. 


Ex. 10. What is the lateral area of the right prism whose altitude 
is 3 ft. 6 in. and whose base is inclosed by an equilateral triangle whose 
side is 1 ft.? 


Ex. 11. What is the total area of the right prism whose base is 
inclosed by a regular hexagon whose side is 5 in. long, if the altitude 
of the prism is 25 in. long? nf A 


502. A parallelepiped is a prism whose ph 
base is inclosed by a parallelogram. “* 
Hence all the faces are inclosed by paral- as o 
lelograms. B C 

A right parallelepiped is a paral- 
lelepiped in which one lateral edge and, 


hence, all the lateral edges are perpen- 
dicular to the bases. 


A rectangular parallelepiped (or a rectangular solid) 
is a right parallelepiped whose base is inclosed by a 
rectangle. Asa consequence all the faces are inclosed by 
rectangles. (See Ex. 8.) 
A cube is a rectangular parallelepiped whose six faces 
are inclosed by squares. 
« Ex. 12. Are any faces of a right parallelepiped rectangular? 
~— Ex. 13. Is a cube a prism? 
~ ~ Ex. 14. What is the total area of the cube whose edge is 6 in.? 
» Ex. 15. Repeat Ex. 14, if the edge is of length e. 
» Ex. 16. How long is the diagonal of the cube of edge 5 in.? 
» Ex. 17. Repeat Ex. 16, if the edge is of length e. 
Ex. 18. How long is each diagonal of the rectangular parallelepiped 
whose edges are 6 in., 8in., and 10 in. long? 
Ex. 19. What is the lateral area of a prism whose lateral edge is 
x 18in., and whose right section is a triangle whose sides are 5 in., 
Tin., and 8 in.? 
Bec, lEx. 20. The polyedron formed by three pairs of parallel planes is a 
parallelepiped. (Use the first figure of § 502.) 
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PROPOSITION III. THEOREM 


503. The opposite lateral faces of a parallelepiped 
are congruent and parallel. 


1 


ate 


A B 


Hypothesis. AC and A’C’ are the bases of parallelepiped 
AC’. 


Conclusion. I. AB’ || DC’. Il. AB’ ~ DC’. * 


Plan. I. Use § 442. II. Prove AB’ and DC’ eae 
equiangular and mutually equilateral. 


504. Cor. Any pair of opposite faces of a parallelepiped 
may be taken as tts bases. (Use § 493, and § 502.) 


* Ex. 21. A parallelepiped is rectangular if the planes meeting at 
one vertex are mutually perpendicular. 


Ex. 22. Prove that the diagonals of a rectangular parallelepiped 
are equal. 


® Ex. 23. Prove that the diagonals of a parallelepiped bisect each 
other. 


Note. The point of intersection of the diagonals of a parallelepiped 
/is called the center of the parallelepiped. 


/ » Ex. 24. Prove that any line-segment drawn through the center of 


a parallelepiped, terminating in a pair of opposite faces, is bisected 
at that point. 


y Ex.(2 ease Prove that the line-segment joining the center of a parallel- 
epiped to” the center of any face is parallel to any edge of the parallel- 
epiped which intersects that face, and is equal to one half of it. 


Ex. 26. Prove that the centers of two opposite faces of a parallele- 
piped and the center of the parallelepiped are collinear. 


Suggestion. Recall Ex. 23 and § 89. 
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*PROPOSITION IV. THEOREM 


505. The plane through two diagonally opposite 
edges of a parallelepiped divides it into two equal 
triangular prisms. 


Hypothesis. Plane AC’ passes through edges AA’ and CC’ 
of parallelepiped A’C. 


Conclusion. Prism A’ — ABC = prism A’ — ACD. 


Plan. Prove A’ — ABC and A’ — ACD equal, respectively, 
to equal right prisms. 


Proof: STATEMENTS REASONS 


1. Let EFGH be a right section of the parallel-|1. § 493. 
epiped, intersecting plane AC’ in EG. 


2 EFGH isa O.. 2. Prove it. 
3. * AEFG 2 AEHG. 3. Why? 
4. Prism A’ _ABC = =a right prism with base|4. § 500. 
EFG and altitude AA’. 
Prism A’-ACD = a right prism with base 
EHG and altitude AA’. 
5. But these right prisms are equal. 5. § 501. 
6. .. A’-ABC = A’-ACD 6. Why? 
Note. Prisms A’ — ABC and A’ — ACD are D G 
not congruent. Orel 
» Ex. 27. If the four diagonals of a quadrangular c Tae F 
prism pass through a common aS the prism is a 
. parallelepiped. B E 


Plan. Prove BCHE is a CJ by proving BC = and || HE. 
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VOLUME OF A PARALLELEPIPED 


506. The dimensions of a rectangular parallelepiped 
are the lengths of the three edges which meet at one 
vertex. 

These lengths (like areas and volumes) are numbers ; 
they are the measures of the edges in terms of a common 
unit of linear measure. But the edges may be incom- 
mensurable (§ 205) ; and even more so, they may not 
contain an arbitrary unit of measure (like one inch) an 
integral number of times. This fact introduces difficulty 
in finding the volume of a rectangular parallelepiped. 

If the dimensions of a rectangular parallelepiped are 5, 
3, and 4, then, obviously, the solid con- P 
tains 5 x 3 X 4 cubes of edge l. Hence SS 
its volume is 60. 

If the dimensions were 5, 3, and 44, 
then the solid would contain 60 such 
cubes and, besides, a layer of 15 pieces, 
each having dimensions 1, 1, and 4. These 15 pieces 
could be built up into 5 cubes. Hence the volume would 
be 65. This number 65 can be obtained by finding 
ox 8 xX 44. 

If the dimensions were 5, 3, and 4.1, the volume would 
be a little more than 5 X 3 x 4. The foregoing examples 
suggest that we accept 5 X 3 X 4.1 as the volume. 


507. Definition. The volume of a rectangular parallele- 
piped is the product of its three dimensions, when the 
edges are measured by the same unit of linear measure. 


508. Cor.1. The volume of a rectangular parallelepiped 
equals the product of its base and the altitude to it. 


§ 508 is expressed in its commonly abbreviated form. Expressed 
more accurately, it would be: the volume of a rectangular parallelepiped 
equals the product of the area of its base and the length of the altitude to it. 

The customary brief form of statement will be employed in the 
remaining theorems relating to area and volumes. 


+ 


“a 
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509. Cor. 2. Two rectangular parallelepipeds have the 
same ratio as the products of their three dimensions. 


If the dimensions of P are a, b, and c, and of P’ are a’, b’, and c’, 
then, since the volume of P = abc, and the volume of P’ = a’b’c’, then 


P abe 


P’ pa abc’ 


510. Cor. 3. Two rectangular parallelepipeds having 
equal bases are to each other as their altitudes. 


If parallelepipeds P and P’ have bases B and B’, and altitudes h 
and h’, and if B = B’, 
iz Bh 


P h 
then — = P/% fe ee, 
en P= BH reduces to py 


511. Cor. 4. Two rectangular arallelepipeds having 
equal altitudes are to each other as their bases. 


If h = h’, then 
Je Bh 12 B 
— = d —_ = —_ 
p Bi reduces to p Bi 
* Ex. 28. Find the ratio of the volumes of two rectangular parallele- 
pipeds whose. dimensions are 8, 12, and 2], and 16, 15, and 36, respec- 
tively. 
Ex. 29. Find the altitude of a rectangular parallelepiped, the 
dimensions of whose base are 21 and 60, equal to a rectangular 
parallelepiped whose dimensions are 42, 36, and 35. 


Ex. 30. What must be the height of a tank having the form of a 
rectangular parallelepiped whose base has the dimensions 3 ft. and 
10 ft., in order that the tank will contain 675 gal. of water when the 
water rises to within one foot of the top? (One cu. ft. of water 
= 71 gal. approximately.) 

Ex. 31.. Approximately how many barrels of water will run into a 
cistern during a 3 in. fall of rain from the roof of a barn whose total 
roof area is 900 sq. ft. 

» Ex. 32. (a) How many cubic yards of concrete are required for 
the foundation walls of a house 25 ft. X 35 ft., if the walls are 9 in. 
thick and are 8 ft. high? (b) How many bags of cement are required 


- if the mixture contains 4 bags of cement to one cubic yard of concrete? 


Note. Exercises 24-30, page 459, can be studied now. 
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eal ' PROPOSITION V. THEOREM 


512. The volume of any parallelepiped is equal to 
the product of its base and altitude. 


Hypothesis. AC’ is an oblique parallelepiped. 
Let the length of altitude AH be h, the area of base ABCD 
be B, and the volume of AC’ be V. 


Conclusion. Va—vbhe 
Proof: STATEMENTS REASONS 
1. Extend AB, DC, A’B’, and D/C’. | 1. Possible. 
Take FG = AB. 


2. Pass planes F K’ and GH’ | FG,form- | 2. § 502. 
ing right parallelepiped F'H’. 
(FK’ and GH’ are the bases.) 
3. Prism FH’ = prism AC’. 3. § 500. 
4. Extend HG, H'G’, K'F', and KF. | 4. Possible. 
Take NM = HG 
5. Pass planes NP’ and ML’ | NM,form- | 5. See Ex. 20, 


ing rectangular parallelepiped LN’. andi eed 
6. Prism LN’ = prism FH’. 6. Why? 
he .. Prism LN’ = prism AC’. 7. Why? 
8 Volume. LN’ = base LN x MM’ 8. Why? 
9 But area LN = area ABCD, orB. | 9. Prove it. 
10. Also MM’ = h. 10. Why? 
it: “. Volume AC’ = Bh. 11. Ax. 2, § 49. 


3 
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*PROPOSITION VI. THEOREM 


513. The volume of a triangular prism equals the 
product of its base and altitude. 


Hypothesis. A’—-ABC is a triangular prism. 
Let h = the length of altitude AH; B = the area of base 
ABC; and V = the volume of A’-ABC. 


Conclusion. a— Bie 


Plan. From A’-ABC, form parallelepiped D’B. Express 
the volume of D’B. Use § 505. 


Note. The pupil should memorize now the following formulas: 


\ 1. Area of a A=Vs(s — a)(s — 6)(s — ¢), § 332, where the sides 
_/are a, b, and c, ands =i (a +6b+¢). 


2. Area of an equilateral A of side a = . Vee (Bz ooe poll) 


( 8. Altitude of an equilateral A of side a = ays. 
~ 

Ex. 33. Find the volume of the right prism whose altitude is 15, 
and whose base is inclosed by an equilateral triangle with side 6. 

x Ex. 34. Find the volume of the right prism whose altitude is h, and 
whose base is inclosed by an equilateral triangle with side a. 

Ex. 35. Find the lateral area and volume of a right triangular 
prism, having the sides of its base 10, 8, and 14, respectively, and the 
altitude 20. 

Ex. 36. Prove that the volume of a right triangular prism is equal 
to the product of the area of any face and one half the altitude to that 
face. 7 

Ex. 37. The volume of a right triangular prism is 96V 3. Its base 

is inclosed by an equilateral triangle with side 8. Find its lateral area. 


X 
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PROPOSITION VII. THEOREM 


514. The volume of any prism equals the product 
of its base and altitude. 


Hypothesis. Let h = the length of altitude AM, B = the 
area of base FGHJK, and V = the volume of prism AJ. 

Conclusion. V = Bh. 4 

Plan. 1. Through edge AF and diagonals FH and FJ of the 
base, pass planes AF HC and AF JD, dividing prism P into triangular 
prisms P;, Pe, and P3, whose base areas are Bi, Bo, and B3;, respec- 
tively, and whose common altitude is of length h. 
_ 2. Express the volumes of P;, P2, and P;. Add the results and 
simplify, thus obtaining an expression for the volume P. 


515. Cor. 1. Two prisms having equal bases and equal 
altitudes are equal. 
Suggestion. Let prisms P and P’ have equal bases B and B’, 


respectively, and equal altitudes h and h’. Prove P = P’. See 
page 361. 


516. Cor. 2. Two prisms having equal altitudes have the 
same ratio as their bases. 


_ 617. Cor. 3. Two prisms having equal bases have the 
same ratio as their altitudes. 


518. Cor. 4. Two prisms have the same ratio as the 
products of their bases and altitudes. 

Ex. 38. Find the volume of a right prism whose altitude is 9 in., 
and whose base is inclosed by a regular hexagon of side 3 in. 

Ex. 39. Express by formulas the total area and the volume of a 


~ right prism whose height is k, and whose base is inclosed by a regular 


hexagon of side e. 


a3 
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Ex. 40. What is the volume and lateral area of a right triangular 
prism whose altitude is 15 in., and whose base is inclosed by a right 
triangle whose sides are 6 and 8 in., respectively, and whose hypot- 
enuse is 10 in.? 

Ex. 41. What is the volume of the prism whose altitude is 15 in., 
and whose base is inclosed by a parallelogram with base 8 and 
altitude 3? 

Ex. 42. What is the volume and lateral area of the right prism 
whose altitude is 18in., and whose base is inclosed by a regular 
pentagon whose side is 5in. and whose apothem is approximately 
1.81 inches? (See § 359.) 


Ex. 43. What is the volume, lateral area, and total area of the ~ 


right prism whose altitude is 20 in., and whose base is inclosed by a 
regular hexagon of side 4 in.? 


Ex. 44. What is the volume and lateral area of the right prism 


whose altitude is 24 in., and whose base in inclosed by a quadrilateral 
ABC Dmingswhichs A ba—1l dsb GaAs eRe lO Aes lean 
AC = 


Ex. 45. How many tons of soft coal can be stored in a coal bin wv 


\15 ft. square and 8 ft. high, if one ton occupies 40 cu. ft.? 


Ex. 46. A contractor agreed to dig a cellar at 50¢ per cubic yard. 
The lot was located upon a hillside so that the depth of the cellar at 
the back was 8 ft. and in front 5ft. If the cellar was 38 ft. from the 
front to back, and was 27 ft. wide, how much did the contractor 
receive? 

Ex. 47. How many cubic yards of concrete are required for a 


¥ retaining wall 2 ft. thick whose other dimensions i 


- 


¥ whose altitude is 18 in., and whose base is inclosed 
by a AABC in which BC is 9 in., AB is 6in., and ZB = 30°? 1 44 


f 


are indicated on the adjoining figure? A 
Ex. 48. What is the volume of the right prism 6’ 


Suggestion. Draw altitude AD to BC. Recall Ex. 157, Book I. 


~ Ex. 49. Repeat Ex. 48 if 2B = 60°. 9.4 4 


» Ex. 60. Repeat Ex. 48if ZB = 50°. (Use § 301, and table p. 500.) ~ 


Ex. 51. Find the volume and lateral area of the right prism whose ° 
X® altitude is 24in., and whose base is inclosed by a rhombus whose 


diagonals are 6 in. and 8 in. 

- Ex. 52. Find the volume of an oblique prism whose base is inclosed 
‘ by a square of side 5 in., if the lateral edge is 10 in. long and if a 
‘lateral edge makes an angle of 30° with the perpendicular. dropped 
to the base from its upper extremity. 
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PYRAMIDS 


519. A pyramid is a polyedron inclosed by three or 
more triangular faces which have a common vertex, and 
one other plane face, the base, which intersects each of the 
triangular faces. 


The common vertex of the triangular faces is the vertex 
of the pyramid ; the triangular faces are the lateral faces ; 
the edges terminating at the vertex are the lateral edges ; 
the sum of the areas of the lateral faces is the lateral 
area; the perpendicular from the vertex to the plane of 


the base is the altitude. ; 


520. A regular pyramid is a pyramid . 
whose base is inclosed by a regular 
polygon, and whose vertex lies in the 
perpendicular to the base at the center 
of the base. 


521. A frustum of a pyramid is the B C 
part of a pyramid included between its 
base and a section parallel to the base. ea 
The altitude of a frustum is the per- 
pendicular between the planes of the 
bases. 


By 


522. Important facts about regular pyramids : 
I. The lateral edges of a regular pyra- 9) 
mid are equal. (Prove OA = OB, etc.) 
II. The lateral faces of a regular pyra- 
mid are inclosed by congruent triangles. 


III. The lateral faces of a frustum of ¥ 4 
any pyramid are inclosed by trapezoids. 
IV. The lateral edges of a frustum of = a 
B ! 


a regular pyramid are equal. 


V. The lateral faces of a frustum of a regular pyramid are 
enclosed by congruent trapezoids. 


 ' 
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*PROPOSITION VIII. THEOREM 
523. If a pyramid is cut by a plane parallel to the 
base: 


I. The lateral edges and the altitude are divided pro- 
portionally. 
II. The section is similar to the base. 


a 
= ~w 
M< O oN 


Hypothesis. Plane A’C’, parallel to the base of pyramid 
O-ABCD, intersects faces OAB, OBC, OCD, and ODA in 
lines A’B’, B’C’, C’D’, and D’A’, respectively, and altitude OP 
ee 

Conclusion. 


1, OA’ _ OB’ _ OD’ _ OP" 
OA OB ‘OD OP 
I. A’B'C’D’ ~ ABCD. 
Plan for proof of I. Through O, pass a plane MN || ABCD. 
Apply § 443. 


Proof of II. STATEMENTS REASONS 
i Os A’'B’ || AB; B’C’ || BC; |1. Why? 
C’D’ || CD ; ete. 
a LA'B'C =ZABE ; 2. Why? 
ZB'C'’D’ =ZBCD; ete. 

Ale a OB Be OC). 

3: AB OB ~ BC 0G’ ete. 3. Prove it. 
4 f A’*B’ Ss B'C’ 2 C'D’ ar D'A’ F 
i AP ne PCL MLC Dp men DA & Why? 
“5. . A'B'C'’D! ~ ABCD. |5. § 273. 


Note. Two very important corollaries appear on page 368. 
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524. Cor. 1. The area of a section of a pyramid parallel 
to the base is to the area of the base as the square of its distance 
from the vertex is to the square of the altitude of the pyramid. 


Area A’B’C’D! _ A’B” (§ 336) 


EE ee Area ABCD AB? 
| A'B! _ OA’ _ OP’ 
EY Anak auOP 

3 »_ apear ABCD SOP” 


area ABCD OP’ 


. 625. Cor. 2. If two pyramids have equal altitudes and 
equal bases, sections parallel to the bases at equal distances 
from the vertices are equal. 


Hypothesis. O-ABCDE and R-PST have the common altitude 
h and equal bases. _A’B’C’D’E’ and P’S’T’ are sections of the 
pyramids parallel to the bases at the distance d from the vertices O 
and O’, respectively. 


Conclusion. ACB CLC ibaa Slits 
Proof. 
Area A'B'C’D'E’ _ @, ares Ps’ Ps 
: Area-ABCDE Wi? ¢-areapsr im ‘8 a 


(Complete the proof.) 


Ex. 53. The altitude of a pyramid is 12 in., and its base is inclosed 
by a square 9 in. on aside. What is the area of a section parallel to 
the base, whose distance from the vertex is 8 in.? 


526. The slant height of a regular pyramid is the 
altitude of any lateral face. 


Similarly the slant height of a frustum of a regular 
pyramid is the altitude of any lateral face. 


, 


% 
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*PROPOSITION IX. THEOREM 


527. The lateral area of a regular pyramid equals 
the perimeter of its base multiplied by one half its 


slant height. 
O 


A D 


Hypothesis. O-ABCDE is a regular pyramid. 
= the perimeter of its base; s = length of its slant 
height; and A = the lateral area. 
Conclusion. At iis): 
Plan. Find the area of each face; add; simplify the result. 
PROPOSITION X. THEOREM 


528. The lateral area of a frustum of a regular 
pyramid equals the sum of the perimeters of the bases 
multiplied by one half its slant height. 


Hypothesis. AD’ is a frustum of a regular pyramid. 
s = the length of its slant height; p and p’ = the perimeters. 
of the lower and upper bases respectively; A = the lateral 
area. 

Conclusion. A =is(p+ p’). 


Plan. Recall § 333. Find the area of each fee; add. 
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Ex. 54. What part of the base of a pyramid is the section made by 
a plane which is parallel to the base and bisects the altitude? 


Ex. 55. A plane parallel to the base of a pyramid of altitude 15 in. 
divides the lateral edge into parts whose ratio is 3:2. How long are 
the two segments of the altitude made by the plane? 


Ex. 56. The altitude of a pyramid is 20 in. and its base is inclosed 
by a regular hexagon whose side is 4in. What is the area of the 
section of the pyramid made by a plane 15 in. from the vertex? 


Ex. 57. Prove that the perimeter of the mid-section of a frustum 
of a pyramid equals one half the sum of the perimeters of its bases. 
(Recall § 161.) 


Ex. 58. Express the lateral area of a frustum of a regular pyramid 
in terms of its slant height and the perimeter of the section mid-way 
between the two bases. 


Ex. 59. What is the lateral area of the regular pentagonal pyramid 
whose base edge is 6 in., if the slant height is 15 in.? 


Ex. 60. What is the lateral area of the frustum of the pyramid in 
Exercise 59, made by a plane which bisects the lateral edges? 


Ex. 61. Repeat Exercise 60, if the plane is one third the way from 
the vertex to the base. 

Ex. 62. If VE is the slant height of the regular pyra- 
mid V—ABCD and O is the center of the base, prove 
that OF | AB. 


Ex. 63. (a) If, in Ex. 62, ABCD is a square of side 4 
8in., and VA = 17in., find VE and also VO. 
(6) Find the lateral area of the pyramid. 


Ex. 64. (a) What is the slant height of the regular hexagonal 
pyramid of altitude 12 in., if the base edge is 3 in.? 
(b) What is the lateral area of the pyramid? 

(c) What is the lateral area of the frustum made 
by a plane 3 in. from the base? 

Ex. 65. What is the slant height and lateral area 
of a regular triangular pyramid whose altitude is 18 
in., if the base edge is 6 in.? 

Ex. 66. The edges of the bases of a frustum of 
a regular square pyramid are 5 in. and 10 in. re- 


spectively, and the altitude is 6 in. Determine the slant height and 
then the lateral area. 


Note. Additional Exercises 31-40, pp. 459-460, can be studied now. 
& 
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529. A variable is a number symbol which has different 
values during a particular discussion. 

A constant is a number symbol which has one fixed 
value during a particular discussion. 

A number symbol which has successively the values 1, 
4, +, 4, etc. is a decreasing variable. It ultimately has 
values which differ from zero by as little as we please. 

A number symbol which has successively the values 1, 
14, 13, 14, --- is an tncreasing variable. It ultimately has 
values which differ from 2 by as little as we please. 

The length of a burning candle is a decreasing variable, which 
approaches the length zero. If the candle is allowed to burn out, its 
length finally becomes zero. 

If a child, having some candy, eats one half of it; next eats one 
half of the first remainder; next one half of the second remainder ; 
and continues, always eating one half of the “ remainder”; then the 
remainder is a decreasing variable. This remainder also approaches 
zero, but theoretically does not become zero, for each time the child 
eats only one half of the previous remainder. 


A limit of a variable is a constant such that the numerical 
value of the difference between the constant and the 
variable becomes and remains less than any small positive 
number. We say that a variable approaches tis limit. 
If a variable has a limit, it has only one limit. The symbol 
— > means “ approaches the limit.” 


530. Limits Theorems. It can be proved that : 
a. If a variable x approaches a finite limit J, then cz, 
where c is a constant, approaches the limit cl. 
b. If two variables are constantly equal and each 
approaches a finite limit, then their limits are equal. 
c. If a variable x approaches a finite limit a, and a 
variable y approaches a limit 6, then : 
(x + y) approaches the limit a + 6 ; 
xy approaches the limit a - d; 
-% + y approaches the limit a + 6, provided 6 is not zero ; 
and Vxy approaches the limit Vab. 
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PROPOSITION XI. THEOREM 


531. Two triangular pyramids having equal alti- 
tudes and equal bases are equal. (See Footnote.) 


Hypothesis. O-ABC and O’-A’B’C’ have equal altitudes 
and equal bases ABC and A’B’C’. 


Conclusion. O-ABC = O'—-A’'B’C’'. 


Proof. 1. Place the pyramids with their bases in the same 
plane, and let h represent their common altitude. 

Divide h into 3 equal parts. 

Through the points of division pass planes || to the plane 
of the bases, cutting O-ABC in sections DEF and GHK, and 
O’—A’B’C’ in sections D’E’F’ and G’H'K’. 

2 DEF = D’E’'F’ and GHK = G’H'K’ (§ 525) 

3. With ABC, DEF, and GHK as lower bases, construct 
prisms X, Y, and Z with their lateral edges equal and || to AD; 
with D’E’F’ and G’H’ K’ as upper bases, construct prisms Y’ 
and Z’, with their lateral edges equal and || to A’D’. 


4, ty Yee oY Bh Zee (§ 515) 
5. Evidently O-ABC <X+Y42Z 
and O'-AB'C’ > Y’ + Z’. 
6... O-ABC — O'-A’B’'C'<(X+Y+Z) —(Y'+2’). (Ax. 13) 
or O-ABC — O'-A'B'C’ < X. 


Note. §§ 532 and 5388 contain an interesting optional alternative 
proof of § 531. 


~ 
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7. By increasing indefinitely the number of subdivisions. 
of h, the volume of X can be made as small as we please. 

8. .. O-ABC and O’-A’B’C’ must be equal, for if they were 
unequal, X would be greater than their difference, and this 
contradicts Step 7. 


4/ 

532. Cavalieri’s Theorem. Consider the solids, below, 
standing upon the plane MN. Assume that every plane 
M’N’, parallel to MN and intersecting the solids, forms in 
the solids sections of equal area; 7.e. assume that p’ = q’ 
== 8’, 


Rise See anes 
apres” GAT ek 


It is as if each solid consisted of sheets of paper and as if the sheets 
at the same level above plane MN were of equal size. 


If this condition is satisfied, the solids must be between 
parallel planes. 

Two rectangular parallelepipeds standing on the same 
plane, having equal altitudes and equal bases, are such 
solids. We know they are equal in volume. (J.e. 
Pett) 

If now p’ = 7’ =s’, it is also easy to believe that 
ies 


These solids illustrate 

Cavalieri’s Theorem. Jf two solids le between parallel 
planes, and if a plane parallel to these parallel planes makes. 
‘equal sections in these solids no matter where it be drawn 
between the planes, then the solids have equal volumes. 
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PROPOSITION XI’. THEOREM 
(Proof based on Cavalieri’s Theorem. See Note, p. 372.) 


533. Any two pyramids having equal bases and 
altitudes are equal. 


Hypothesis. O-ABC and P-QRS are two pyramids having 
the same altitude and equal bases. 


Conclusion. O-ABC = P-QRS. 
Proof : STATEMENTS REASONS 


1. O-ABC and P-QRS have the same alti- | 1. Hyp. 
tude; hence, they can be placed between 
parallel planes. 
2. Let A’B’C’ and Q’R’S’ be sections of | 2. §5265. 
O-ABC and P-QRS, respectively, made 
by planes parallel to the bases and at 
the same distance from the vertices. 
Then area A’B'C’ = area Q’R’S'. oe 
3. .. volume O-ABC = volume P-QRS. 3. § 532. 
Note. Observe that more is proved in § 533 than in § 532. 
Ex. 67. Each side of the base of a regular triangular pyramid is 6, 
and its altitude is 4. Find its lateral edge, lat- fo) 
eral area, and volume. (For volume use § 534.) 
Suggestion. Recall § 166, and Note, p. 363. 
Ex. 68. Find the area of the entire surface 


and the volume of a triangular pyramid, each A 
of whose edges is 2. 


. y _ Ex 69. If all the edges of a regular tri- 
’ angular pyramid are of length J, the altitude equals } [V6. 


% 


F 
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*PROPOSITION XII. THEOREM 


534. The volume of a triangular pyramid equals 
one third the product of its base and altitude. 


Hypothesis. h = the length of the altitude; B = the area 
of the base; and V = the volume of pyramid O-ABC. 

Conclusion. Ve= RB 

Proof. 1. Let HOD-ABC be the triangular prism having 
base ABC, and its lateral edges equal and parallel to OB. 

2. Prism HOD-ABC is composed of pyramid O-ABC and 
pyramid OACDE. Separate O-ACDE into pyramids O-ACE 
and O-ECD, by plane EOC. 


3. O-ACE and O-ECD have the same . Why? 
altitude. 
4. Base-ACEH = base ECD. . Why? 
5. ». O-ACE = O-ECD. . Why? 
6. Pyramids O-ACB and C—-EOD have . Why? 
equal altitudes. 
. A Base ACB = base EOD. . Why? 
s. .«. O-ACB = C-EOD, or O-ECD. Why? 
9. .«. O-ACB = O-ECD = O-ACE. . Why? 
10. .. O-ACB = 1prism HOD-ABC. . Why? 
11. The volume of HOD-ABC = B xX h. . Prove it. 
12: .. vol. O-ACB =iB X h. . Why? 


Ex. 70. If the base of a pyramid is inclosed by a parallelogram, the 
plane determined by the vertex of the pyramid and a diagonal of the 
base divides the pyramid into two equal triangular pyramids. 


x 
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PROPOSITION XIII. THEOREM 


535. The volume of any pyramid is equal to one 
third the product of its base and altitude. 


O 


A D 
B C 


Hypothesis. O-ABCDE isa pyramid, the length of whose 
altitude = h, the area of whose base = B, and whose volume 
a= V, - 

Conclusion. Vie= Beh. 

Plan of proof is like that for § 514. 

(Proof to be given by the pupil.) 


536. Cor.1. Two pyramids having equal bases and 
equal altitudes are equal. (Omit if § 533 was studied.) 


Cor. 2. Two pyramids having equal altitudes have the 
same ratio as their bases. 


Cor. 3. Two pyramids having equal bases have the same 
ratio as their altitudes. 


Cor. 4. Two pyramids have the same ratio as the products 
of their bases and altitudes. 


Ex. 71) Determine the ratio to a given parallelepiped of the 
pyramid whose tateral edges are the three edges of the parallelepiped 
which intersect at any one corner. 

Ex. 72. Find the volume of a regular square pyramid each side 
of whose base is 8, and whose altitude is 20. 

Ex. 73. Find the volume of a regular hexagonal pyramid each side 
of whose base is 8, and whose altitude is 5. 

Bu Prove that the lines joining the center of a cube to the 


four vertices of one face are the edges of a regular square pyramid 
whose volume is 4 that of the cube. 


~ 
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Ex. 75. How many diagonals does a parallelepiped have? 

Ex. 76. How many faces of a right parallelepiped are necessarily 
inclosed by rectangles? 

Ex. 77. Repeat Ex. 76 if the figure is a rectangular parallelepiped. 


Ex.(78. From the upper end of a lateral edge of a prism, a per- 
pendicular is dropped to the base, and the lower end is joined to the 
foot of this perpendicular. If the perpendicular is 18 in. long, and the 
angle made by the lateral edge and the perpendicular is 30°, how long 
is the lateral edge? 

Ex./79.\ What is the lateral area, and the volume of a right prism 
whose altitude is 15 in. long, and whose base is inclosed by a parallelo- 
gram having edges 6in. and 12 in. long, if the acute angle between 
these edges is 30°? 

Ex./80.) Find the lateral area and the volume of a regular square 
pyramid, the area of whose base is 100 sq. in., and whose lateral edge 
is 18 in. long. 

Ex. 81. The slant height and lateral edge of a regular square 
pyramid are 25 and V 674, respectively. Find its lateral area. 

Ex. 82. Express the volume of a pyramid in terms of its altitude 
and the area of its mid-section parallel to the base. 

exe 83, Find the volume of a regular square pyramid whose lateral 
faces are equilateral triangles if the base edge is 12 in. long. 

Ex. 84. What is the lateral area, the total area, and the volume 
of the right prism whose altitude is 15 in., and whose base is inclosed 
by a regular hexagon whose edge is 4 in. ? 

Ex. 85. Find the lateral area and the volume of a regular square 
pyramid whose base edge is 10 in., and whose lateral edge is 16 in. 

Ex. 86. What is the lateral area and the volume of a right triangular 
prism if the altitude is 18 in., and the length of its base edges are 5 in., 
8 in., and 10 in.? 

Ex.(87., What is the volume of a pyramid whose altitude is 16 in. 
long and whose base is inclosed by a rhombus whose sides are 6 in. 
long and whose acute angles are 30°? 

Ex. 88. A regular triangular pyramid has a lateral edge of 20 in. 
and base edge of 24 in. A plane cuts it, parallel to the base and 4 in. 
from the vertex. What is the lateral area of the frustum formed ? 

Ex. 89. What is the volume of a regular triangular pyramid whose 
edges are all 20 in. long? 


Note. Additional Exercise 41, page 460, can be studied now. 
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OPTIONAL TOPICS 


Topic A. The volume of a Prismatoid. 

Topic B. Frustum of Pyramid and Truncated Prism. 

Topic C. Regular Polyedrons. 

Required as a subsidiary topic by the College Entrance Examina- 
tion Board. 

Topic D. Similar Polyedrons. 

Required as a subsidiary topic by the C. E. E. B. 


OPTIONAL Topic A 


537. A prismatoid is a polyedron consisting of two 
parallel faces called bases, and a number of lateral faces 
inclosed either by triangles, trapezoids, or parallelograms, 
each of which has a line in one base of the prismatoid and 
the opposite vertex or base in the other base of the prisma- 
toid. See the figure for § 538. 

The altitude of the prismatoid is the perpendicular 
between its bases. The mid-section is the section made 
by the plane parallel to and midway between the bases. 


PROPOSITION XIV. THEOREM 


538. If the areas of the lower and upper bases of a pris- 
matoid are B and B’ » respectively, the area of the mid-section 
is M, the length Pe the altitude is h, and the volume ts V, seis: 


th(B +B’ +4M). 


(Proof on page 379.) 
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Proof. Through any point V of the mid-section and 
each edge of the prismatoid, pass planes. These planes 
divide the prismatoid into pyramid V—ABC, pyramid 
V—DEFG, pyramids like V-BCF, and polyedrons like 
V-ABED. 


(a) Volume V-ABC =4-1ih-B’ =ihB’. 
(b) Similarly, volume V-DEFG = thB. 
(c) To compute the volume of V—BCF : 


1. Draw VR and VS, thus forming AVRS, which is a 
part of the mid-section. 
2. In V—BCF and V-RSF : 
Base BCF = 4 X base RSF. Prove it. 
The altitudes are common. 
3. .. V-BCF = 4 X(V-RSF). Prove it. 
4. But V-RSF = 3 Xt¢hxX AVRS, orth X AVRS. 
5. * V—BO Peano VRS: 


Similarly, the volume of any triangular pyramid with 
vertex V whose base is a triangular lateral face is equal 
to +h multiplied by that part of M which is inside the 
triangular pyramid. 

*-(d) V-ABED can be divided into two triangular 
pyramids by passing a plane through V, A, and H. Hence 
its volume can be obtained as in part (c). 

(ey Hence, the sum of all pyramids with vertex V, 
whose bases are lateral faces of the prismatoid, is 4hM. 

(f) .. volume of the prismatoid 

=1ihB+ihB’+4hM 
=1h(B+B’+4M). 

Ex. 90. Is a prism a special case of a prismatoid? In a prism, 
what relation is there between B, B’, and M? Does the formula of 


§ 538 reduce to the usual formula for the volume of a prism? 


Ex. 91. Answer the same questions for a pyramid. 
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OPTIONAL ToPIc B 


FRUSTUM OF PYRAMID AND TRUNCATED PRISM 
PROPOSITION XV. THEOREM 
539. The volume of a frustum of any pyramid is 
equal to one third of its altitude multiplied by the sum 


of its wpper base, its lower base, and the mean pro- 
portional between its bases. 


Hypothesis. V = the volume, B = the area of the lower 
base, B’ = the area of the upper base, and h = the length of 
the altitude of AC’, a frustum of any pyramid O-AC. 


Conclusion. V =3h(B + B’ +VBB’). 
Proof. 1. Draw altitude OP, cutting A’C’ at Q. 
2. V = vol. O-AC — vol. O-A’C’ 
= +B(h + OQ) — 3 B’(0Q) 
thB + 40Q(B — B’). 
3. But BiB = OFF 2 OG: § 524 
4 . VB: VB’ = OP :0Q. 
5B... (WB —VB’) : VB’ =(OP — OQ) :0Q =h: 0Q. § 258 
6 
7 


; . OQ(VB — VB’) = hv B’. 
. Multiplying both: members by VB + VB’, 
OQ(B — B’)= h(V BB’ + B’). 
; 8. ears in step 2 for OQ(B — B’) its value from 
step 7, 


V =3hB +ih(VBB’ + B’) 
= 4h(B + B’ +VBB’). 
oe & 
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Ex. 92. Find the volume of a frustum of a regular square pyramid, 
whose base edges are 9 and 5, respectively, and whose altitude is 10. 

Ex./93. Find the volume of a frustum of a regular triangular pyra- 
mid, the sides of whose bases are 18 and 6, respectively, and whose alti- 
tude is 24. 

Ex. 94. Find the volume of a frustum of a regular hexagonal pyra- 


« mid, the sides of whose bases are 8 and 4, respectively, and whose 


wy 4 


altitude is 12. 

Ex. 95. A monument is in the form of a frustum of a regular 
square pyramid 8 ft. in height, the sides of whose bases are 8 ft. and 
2 ft., respectively, surmounted by a regular square pyramid 2 ft. in 
height, each side of whose base is 2 ft. What is its weight, at 180 lb. 
to the cubic foot? 

Ex. 96. The areas of the bases of a frustum of a pyramid are 12 and 
75, respectively, and its altitude is 9. What is the altitude of the 
pyramid? 

Suggestion. Let the altitude of the pyra- 
mid = x; then x — 9 is the L from its ver- 
tex to the upper base of the frustum. 

Ex. 97. The lateral edge of a frustum of 
a regular square pyramid is 10, and the 
sides of its bases are 10 and 4, respectively. A 
Find its lateral area and volume. 

Ex. 98. Find the lateral edge, lateral area, and volume of a frustum 


~ of a regular square pyramid, the sides of whose bases are 17 and 7, 


respectively, and whose altitude is 12. 

Ex. 99. The bases of a frustum of a pyramid are rectangular, having 
sides of 27 and 15, and 9 and 5, respectively, and the line joining 
their centers is perpendicular to each base. If the altitude of the 
frustum is 12, find its lateral area and volume. 

Ex. 100. Find the lateral area and volume of a frustum of a regular 
triangular pyramid, the sides of whose bases are 12 and 6, respectively, 
and whose lateral edge is 5. 

Ex. 101. The altitude and lateral edge of a frustum of a regular 
triangular pyramid are 8 and 10, respectively, and each side of its 
upper base is 2V3. Find its volume and lateral area. 


540. A truncated prism is formed by the base of a prism, 
by a plane not parallel to the base which intersects all the 
lateral faces of a prism, and by the portions of the lateral 
faces between this plane and the base. 
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PROPOSITION XVI. THEOREM 


541. A truncated triangular prism is equal to the 
sum of three pyramids having as common base the 
lower base of the given prism, and having as their 
vertices the three vertices of the upper base of the 
truncated prism. F 


wa 


A C 
B ¥ 

Hypothesis. DEHF-ABC is a truncated triangular prism. 

Conclusion. 

DEF-ABC = E-ABC + D-ABC + F-ABC. 

Proof. 1. Pass planes through A, E, and C, and through 
D, E, and C, thus dividing DEF-ABC into E-ABC, 
E-ADC, and E-DFC. 

2. E-ABC is one of the required pyramids. 
Se In E-DAC and B-DAC: 
Base DAC is common: 
The alt. from Hf to DAC = the alt. from B to DAC. 


4, .. E-DAC = B-DAC. Why? 
5. But B-DAC = D-ABC. 

6. .. H-DAC = D-ABC, the second required pyramid. 

uf In E-DFC and B-AFC: 


Base DFC = base AFC. 
The alt. from E to DFC = the alt. from B to AFC. 
8. “ E-DFC = B-AFC 
9. But B-AFC = F—-ABC 
10. .«. E-DFC = F-ABC, the third required pyramid. 
11. .. DEF-ABC = E-ABC + D-ABC + F-ABC. 


542. Cor.1. The solani os a truncated right triangular 
prism is equal to one third the base multiplied by the swm 
of the lateral edges. 

" 


Optional Topic B 383 


543. Cor. 2. The volume of any truncated triangular 
prism ws equal to one third the area of a right section multi- 
plied by the swm of the lateral edges. 


Suggestions. 1. Let XYZ be the right section 
whose area is R. 


2. Apply § 542 to DEF-XYZ, and to ABC-XYZ. 
3. Prove DEF-ABC =1R(AD + BE + CF). 


Ex. 102. Find the volume of a truncated right 
triangular prism, the sides of whose base are 5, 12, 
and 13, and whose lateral edges are 3, 7, and 5, respectively. 


Ex. 103. Find the volume of a truncated right triangular prism 
whose lateral edges are 11, 14, and 17, having its base inclosed by an 
isosceles triangle whose sides are 10, 18, and 18, respectively. 


Ex. 104. Find the volume of a polyedron whose base is inclosed by 
a square having its sides 8 in. long; whose lateral edges are perpen- 
dicular to this base; and whose lateral edges are 2, 6, 8, and 4 in. long, 
respectively. 


Suggestion. Pass a plane through two diagonally opposite lateral 
edges, dividing the solid into two truncated right triangular prisms. 


Ex. 105. If ABCD is a rectangle, and EF is any line 5 
not in its plane parallel to AB, the volume of the solid ¢ 
bounded by ABCD, ABFE, CDEF, ADE, and BCF, em 
is 1h X AD X(2AB-+ EF), 2 
where h is the perpendicular from any point of EF to = 
ABCD. = . 


Ex. 106. Prove that the sum of two opposite lateral 
edges of a truncated parallelepiped is equal to the 
sum of the other two lateral edges. 


Suggestion. Use the Fig. opposite Ex. 107. 


Ex. 107. Prove that the volume of a truncated 
parallelepiped is equal to the area of a right 
section multiplied by one fourth the sum of the 
lateral edges. 

Suggestion. Use the figure of Ex. 106, omitting AC and ANC’, 
Apply § 543, and Ex. 106. 


Note. Additional Exercises 42-53, pp. 460-461, can be studied now. 


384 Solid Geometry — Book VII 


OPTIONAL TOPIC C 
REGULAR POLYEDRONS 


544. A regular polyedron is a polyedron whose faces 
are inclosed by congruent regular polygons, and whose 
polyedral angles are all equal. 


PROPOSITION XVII. THEOREM 


545. Not more than five regular convex polyedrons 
are possible. 


1. Polyedrons whose faces are inclosed by equilateral A. 


Since each Z of an equilateral A is 60°, a convex polye- 
dral Z can be formed having 8, 4, or 5, but not more than 
5 faces inclosed by equilateral A. (§476.) Hence not 
more than three convex regular polyedrons can be formed 
having such faces. 


These really can be formed. They are pictured below: 


ReG@uiar TETRAEDRON REGULAR OcTAEDRON ReeGuLarR IcosaEDRON 
4 faces 8 faces 20 faces 


2. Polyedrons whose faces are inclosed by squares. 
Since each Z of a square is 90°, a convex polyedral Z can 
be formed having 3 but not more than 8 faces inclosed by 


squares. Hence only one regular convex polyedron can 
be formed having such faces. It is the cube. 


3. Polyedrons whose faces are inclosed by regular penta- 
gons. 


" 
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Since each Z of a regular pentagon 
is 108°, a convex polyedral Z can be 
formed having 3 but not more than 
3 faces inclosed by regular pentagons. 
Hence only one regular convex polyedron 
can be formed having such faces. 


This polyedron is the dodecaedron. It has = | 
twelve faces. SQUARE 


4. Polyedrons whose faces are inclosed by other regular 
polygons are impossible, for if the faces have six or more 
sides, the sum of the face angles at the vertex of each 
polyedral Z will be > 360°. 


546. Patterns for the five regular polyedrons. 


Xe Cita 


cael 
TETRAEDRON HExXAEDRON OcTAEDRON 
DopDECAEDRON IcoSAEDRON 


_ Ex. 108. What is the sum of the face angles at any vertex of each of 
“ the regular polyedrons? 
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OPTIONAL Topic D 

SIMILAR POLYEDRONS 
547. Two polyedrons are similar when they have the 
same number of faces similar each to each and similarly 


placed, and have their corresponding polyedral angles 
equal. 


PROPOSITION XVHI. THEOREM 


548. Two tetraedrons are similar when three face 
triangles including a triedral angle of one are similar, 
respectively, to three face triangles including a triedral 
angle of the other, and similarly placed. ~ 


A 
A’ 
B D L\ eo 
Gi Cc. 


Hypothesis. In tetraedrons ABCD and A’B’C'D’ 
AABC ~ AA'B'C’; AACD ~ AA'C’D’; and 
AADB ~ AA'D’B’. 
Conclusion. ABCD ~ A'B'C'D’. 


Proof. 1. From the given similar A, we have 
BC. BC} CD AD BD 


BC IMAC) Oth VAT yee ai 


2. Hence, ABCD ~AB’C'D’. Why? 
3. Again, 4BAC, CAD, and DAB are equal, respectively, 
to 4B'A'CG'A'D' and’ AB’. . Why? 


4. Then, triedral 4 A-BCD and A’-B’C'D’ are equal. 
5. Similarly, any two corresponding 'triedral 4 are equal. 
6. Therefore, ABCD and A’B’C’D’ are similar. 


Ex. 109. If a tetraedron be cut by a plane parallel to one of its 
faces, the tetraedron cut off is similar to the given tetraedron. 
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PROPOSITION XIX. THEOREM 


549. Two similar tetraedrons have the same ratio 
as the cubes of any two corresponding edges. 


ihe} 
és Sentce ok E HE 
B CB foe 
G 


Hypothesis. V and V’ are the volumes of similar tetra- 
edrons ABCD and A’B’C’D’, respectively, A and A’, B and 
B’, etc., being corresponding vertices. 


Conclusion. i = 2 
V ARP 
Proof: STATEMENTS REASONS 


SePiacesA fh’ CD’ on ABCD co that’ ZB 1 § 60. 
coincides with Z B to which it is equal, 
taking the position BEFG. 
2. Draw altitudes EH and AK, meeting | 2. § 423. 
BCD at H and K, respectively. 


oF ae 


3. Plane BA K 1 plane BCD. 3. § 459. 
4, " — lies in plane BAK. 4. § 458. 
5. ’, H lies on BK. 5. § 413. 
EH ee Die aD’ : 
: 5 de ice 
6. Sire ann A 6. Prove i 
7. Vis area BCD X AK. Barter 
1 area BGT) x< EH § 536. 
area BCD BCs BA’ 
Be ee ae ee ee 8. P t, 
(& But crea BCD! ~ BCR BraP ek 
aay 2, BA’ BA BA? § 335. 


9. a = SS X =) OF ee 
OES Na | BA® § 49. 
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PROPOSITION XX. THEOREM 


550. Two similar polyedrons can be separated into 
the same number of tetraedrons, similar each to each 
and similarly placed. 


Xi y 


Hypothesis. Let P and P’ be two similar polyedrons, so 
lettered that points A, B, C, etc. correspond to A’, B’, C’, ete. 

Conclusion. P and P’ can be separated into the same num- 
ber of tetraedrons similar each to each and similarly placed. 

Proof. 1. Pass planes through A, R, and Y, and A’, R’, 
and Y’, forming tetraedrons A-RX Y and A’-R’X’Y’. 


ve Triedral ZX = triedral 2X’. Hyp. 
Fs ARXAAR' XA’: (ARXYRARX'Y!: 
ADAXY~AA'X'Y’. § 295 
aaah RA % RX = AX , aay ee AX , Why? 
R'A EONS eA Xan Loe Ya tee Ue Ni RAL XC, 
i eet 1, Ok 
or a a 
ae eee ee Le 9 
- “RA RY’ AY? ee 
6. . “ DRA aAR'A’Y’. Why? 
Ve ZXRA =ZXIR‘A'; AXRY = ZX'R'Y'; 
and. ZYRA = ZY'R'A’. Why? 
8... triedral ZR-AXY = triedral ZR’-A'X'Y’. § 478 | 
Similarly 


ZA-RXY = ZA’-R'X’Y’, and ZY-ARX = ZY'-A'R’X’. 
9. .. tetraedron A-RX Y~ tetraedron A’-R’X’Y’. § 547 
% 
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10. After tetraedron A-RXY and A’—-R’X’Y’ are removed 
from P and P’, the remaining polyedrons are similar. 

For: (a) the remaining polyedral & are still equal each to each. 

(b) the old faces are similar each to each. 

(c) face RAY ~ face R’A’Y’, by proof in Step 6. 

(d) face RWZY can be proved similar to R/W'Z’Y’ 

(e) the new polyedral 4 are equal each to each. 

11. Two similar tetraedrons can be cut off from the re- 
mainders described in Step 10, as was done in Step 1, etc. 

12. ...P and P’ can be separated into the same number of 
tetraedrons, similar each to each and similarly placed. 


551. Cor. 1. The ratio of any two corresponding segments 
of similar polyedrons equals the ratio of any two corresponding 
edges (e.g. RA: R’A’ = AX :A’'X’). 


552. Cor. 2. The ratio of the areas of any two similar 
faces of two similar polyedrons equals the ratio of the squares 
of any two corresponding edges. 


Daz FZ xr2 
Thus 27e2 RAY _ RA _ AX . (py 9336 and § 551.) 
area R’A’Y’ Rar Ax”? 


553. Cor. 3. The total areas of two similar polyedrons 
are to each other as the squares of any two corresponding 
edges. 


Proof. 1. Let similar polyedrons P and P’ have faces F., F2, F's, 
ete., and F’;, F’s, F’3, ete., and let e and e’ be the lengths of two 
corresponding edges. 


Bit Ore Ie ele. Ct eee 552 
2. Then F, oe’ F’, e!2’ F’,; e”2’ AIS § 
Oe eh sr eee Ax. 1, § 49 
3. oe a pee ,§ 
4. pia me eee Ea § 296 
Py, +t+ho+ Fy +: FY 
5. ., total area of P _ Ax. 1, § 49 


‘total area of P’— e”? 


Ex. 110.) The edges of two similar tetraedrons are 8 in. and 12 in. 
If the area of the smaller is 240 sq. in., what is the area of the larger? 


4 
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554. Cor. 4. The ratio of the volumes of any two similar 
polyedrons equals the ratio of the cubes of any two corre- 
sponding edges. 


Proof. 1. Let ¢ and e’ be the two corresponding edges of similar 
polyedrons P and P’; let P and P’ be separated into tetraedrons Ti, Ts, 
T,, «+ and 71, T's, T's, *** respectively, such that Ti ~ 11, T2 ~ T'2, 
ete. (§ 550.) 


YW eB ee cy By § 549 
2. Then qr a) Tr, ~ en? ete. y § 
3. cela, 5 ist Sy ue ete 
fH T's T’s 
4, xe iivets dlty Sie Sls S00 = Tis = S § 296 
TT’; + T's + T's -:- Juve te 
° 1S — eS ¥ Why*r 
5. Di Ars y 


Ex. 111. The volume of a pyramid whose altitude is Tin. is 


686 cu.in. Find the volume of a similar pyramid whose altitude is 
Zain 


Ex. 112. If the volume of a prism whose altitude is 9ft. is 
171 cu. ft., find the altitude of a similar prism whose volume is 
502 cu. ft. 

Ex. 113. Two bins of similar form contain, respectively, 375 and 


648 bushels of wheat. If the first bin is 3 ft. 9 in. long, what is the 
length of the second? 


Ex. 114. A pyramid whose altitude is 10in. weighs 24lb. At 
what distance from its vertex must it be cut by a plane parallel to its 
base so that the frustum cut off may weigh 12 lb.? 


Ex. 115. An edge of a polyedron is 56, and the corresponding edge 


, of a similar polyedron is 21. The area of the entire surface of the 


second polyedron is 135, and its volume is 162. Find the area of the 
entire surface and the volume of the first polyedron. 


Ex. 116. The area of the entire surface of a tetraedron is 147, and 


* its volume is 686. If the area of the entire surface of a similar tetrae- 


dron is 48, what is its volume? 


Suggestion. Let x and y denote the corresponding edges of the 
tetraedrons. 


Ex. 117. The area of the entire surface of a tetraedron is 75, and 


its volume is 500. If the volume of a similar tetraedron is 32, what 
is the area of its entire surface? - 


Note. Additional Exercises 54-55, page 462, can be gene now. 


BOOK VIII 
CYLINDERS AND CONES 


555. Generating a Surface. If a straight line 1 moves 
so that it always intersects a straight line b and is always 
parallel to a straight line a which intersects b, it can be 
proved that / always lies in the 
plane M determined by a and b; M 
also it can be proved that every 
point in M lies in the line 7 at 
some time during its period of b 
movement. 

Tine | is said to generate the plane M. 

By suitable movement of a straight line, the straight 
line can be made to generate various surfaces. 


A cylindrical surface is the surface generated by a mov- 
ing straight line which always intersects a given plane 
- eurve and is parallel to another N 
given straight line not in the B & rey, 
plane of the curve. g 

Thus, if AB moves so as to intersect 
curve AD of plane RS, and be parallel / 7 
to MN, not in the plane RS, then AB , 
generates the cylindrical surface BD. EROS 

The moving line is called the generatrix ; the curved 
line is called the directrix. Any position of the generatrix, 
as EF, is called an element of the cylindrical surface. 


556. All the elements of a cylindrical surface are parallel, 
by § 555. 


557. Through a point of a cylindrical surface there 1s only 
‘one element. 
For, if there were two elements through F, each would be parallel 


to AB, and that is impossible. 
© 391 
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558. Convex closed cylindrical surfaces alone will be 
studied in this text. Such surfaces are generated when 
the directrix is a closed plane curve such 
that a straight line or a plane cuts it in 
two and in only two points; as directrix 
ALD YY: 

A plane cannot contain more than two 
elements of a convex closed cylindrical 
surface, for if it did it would cut the 
directrix in more than two points. 

A convex closed cylindrical surface separates from sur- 
rounding space a portion of space, infinite in extent. 


559. A right section of a cylindrical surface is the inter- 
section of the surface and a plane perpendicular to one 
and therefore to all the elements of the surface. 


560. A convex cylinder or cylinder is the solid bounded 
by part of a convex closed cylindrical surface and the parts 
of two parallel planes, each of which intersects all the 
elements of the surface. 

The parts of the parallel planes are the A 
bases and the part of the cylindrical sur- ee 
face between the parallel planes is the 
lateral surface of the cylinder. 

The total surface of the cylinder con- © D 
sists of its bases and its lateral surface. 

The altitude of a cylinder is the perpendicular between 
the planes of its two bases. 


561. Kinds of cylinders. A right cylin- 
der is a cylinder whose bases are perpen- ° 
dicular to one, and hence to all its elements. 

A circular cylinder is a cylinder whose 
base is enclosed by a circle. @ 

Cylinder BCEF is aright circular cylinder. 


Ex. 1. All the elements of a cylinder are equal. In Figure, § 560, 
prove AC = BD, after drawing AB and CD. 4 
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PROPOSITION I. THEOREM 


562. If a plane through an element of a convex 
cylinder intersects its surface in a point which is not 
on that element, the intersection of the plane and the 
total surface of the cylinder is a parallelogram. 


Vik SiN 
SATE, M 


ns B D 


Hypothesis. Plane MN intersects convex cylinder S in ele- 
ment AB and point X on the surface but not on AB. A and 
B are in the upper and lower bases respectively. 

Conclusion. The intersection of MN and the total surface 
Olyous a7. 

Proof: STATEMENTS REASONS 


1. Let CD be the element of S through X, | 1. § 560. 
cutting the upper and lower bases at C 
and D respectively. 

2. SAB GD: 2. § 556. 

3. AB and CD lie in only one plane, ABCD. | 3. § 410; 4. 

4. Plane M coincides with plane ABCD, | 4. § 410; 2. 

since AB and X lie in plane ABCD. 

5. .. CD lies in plane M. 5. Step 4. 

6. M cannot cut the lateral surface of S in| 6. By _ steps 
any other points, for if it did, it would BEE. and 
contain the elements through these 
points, and that is impossible. 

7. AC and BD lie in M and on surface of S.| 7. § 408, 1. 

8. ABDC is O. 8. Prove it. 

Ex. 2. If a rectangle revolves about one of its sides, as an axis, it 

generates a right circular cylinder, or a cylinder of revolution. (See 

Figure § 561.) 
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PROPOSITION Il. THEOREM 
563. The bases of a cylinder are congruent. 


Hypothesis. AB’ is any cylinder, with bases A’B’ and AB. 
Conclusion. Base A’B’‘ = base AB. 
Proof: STATEMENTS *REASONS 


1) Labeled 


Let HE’ and F’ be two particular points of 1. § 560. 
eurve A’B’ and G’ any other point. 
Draw the elements EE’, FF’, and G@’, 
cutting the base AB at E, F, and G. 

Draw E’G’, G’'F’, E'F’, EG, GF, and EF. 


EE’, FF’, and GG’ are parallel. 2. § 556. 
E'F’ || EF ; E'G’ || EG; G’F’ || GF. 3. Prove it. 
A E'G'F' SA EGF. 4. Prove it. 
.. base A’B’ can be superposed on base|5. § 59. 


AB so that E’, F’, and G’, will fall on E, 
F, and G, respectively. ; 
”. every pt. G’ of A’B’ falls ona pt. of AB.|6. G’ was any 
Alsoevery pt.of AB fallsonapt.of A’B’.| Point of A’B’. 

“. base ABC = base A’B’C’. 7. § 59. 


564. Cor. A section of a circular cylinder made by a plane 


parallel to the base is inclosed by a circle. 


Ex. 3. Prove that a line parallel to the elements of a circular 


cylinder from the center of one base intersects the other base at its 
center. 


565. The axis of a circular cylinder joins the centers of 


‘its two bases and is parallel to its elements. 
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MEASURING THE CYLINDER 


566. In measuring the cylinder, difficulties are encoun- 
tered which are like those met in measuring a circle, for 
the ratio of a cylindrical surface to an ordinary unit of 
surface measure cannot have meaning in the usual sense 
since they are not magnitudes of the same kind. 


567. A prism is inscribed in a cylinder when its lateral 
edges are elements of the cylinder and its 
bases are in the planes of the bases of the 
cylinder. The polygons inclosing the bases 
of the prism are inscribed in the bound- 
aries of the bases of the cylinder. 


568. Application of limits to a cylinder. 

Inscribe in a circular cylinder a prism [| — 
having its base inclosed by a regular poly- 
gon, such as a square ; then inscribe a second prism whose 
base is inclosed by a regular polygon having double the 
number of sides; imagine that this process is continued 
indefinitely. Pass a plane forming right sections of the 
cylinder and the prisms. 

It is obvious that the prisms come nearer and nearer to 
occupying the same space as the cylinder. Hence: 

(a) The volume of a cylinder is defined to be the limit of 
the volume of an inscribed prism with base inclosed by a 
regular polygon as the number of faces of the prism is 
increased indefinitely. 

(b) The lateral area of a cylinder is defined to be the 
limit of the lateral area of an inscribed prism with base 
inclosed by a regular polygon as the number of faces of 
the prism is increased indefinitely. 

(c) The length of a right section of the lateral surface of 
a cylinder is defined to be the limit of the length of the 
right section of the lateral surface of the inscribed prism. 

The gist of this section is that a prism having an infinite 
number of faces is approximately a cylinder. 


bipnten 
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569. The College Entrance Examination Board recom- 
mends that proofs by the theory of limits be, at least, read 
and understood. As a basis for them, the following facts 
about circles are summarized: 


570. Application of limits to circles and plane curves.. 

(a) The circumference of a circle is defined to be the 
limit of the perimeter of a regular inscribed polygon as 
the number of sides is indefinitely increased. 


YN, 
aN ; 


C 


ee: 


(b) It is proved that the perimeter of any regular cir- 
cumscribed polygon (as well as inscribed polygon) ap- 
proaches the circumference of the circle as limit if the 
number of sides is indefinitely increased. 

(c) The length of any simple closed curve lying in a 
plane is defined to be the limit of the perimeter of any 
inseribed polygon when the number of sides of the polygon 
is increased indefinitely in such manner that every side 
approaches the limit zero. 

(d) The area of a circle is defined to be the limit of the 
area of any regular inscribed polygon as the number of 
sides is increased indefinitely. 

(e) It is proved that the area of any regular circum- 
scribed polygon approaches the area of the circle as limit 
as the number of sides is increased indefinitely. 

(f) It can be proved that the area of any inscribed or 
circumscribed polygon approaches the area of the circle 
as limit if the number of sides is increased indefinitely 
in such manner that the length of each side approaches 
the limit zero. * 


Cylinders 397 
PROPOSITION III. THEOREM 


571. The lateral area of a circular cylinder equals 
the perimeter of a right section multiplied by the 


length of an element. 
ZEN 
KA 


H 


Hypothesis. A = the lateral area, p = the perimeter of a 
right section, e = the length of an element of a cylinder. 


Conclusion. A= ¢ xX p; 
Proof: STATEMENTS REASONS 


1. Inscribe in the cylinder a prism whose)1. § 567. 
base is inclosed by a regular polygon. 
Let A’ = its lateral area, and p’ = the 
perimeter of a right section of the prism. 


2. A'=eXp’. 2. § 495. 
3. If the number of faces of the prism is/3. (a) § 568, db. 
increased indefinitely, (b) § 568, c. 
A’ —~> A and p’ —> p. 
4, SLAW, Oy | Saorrcerth da) AHI 4, § 530, a. 
5. eA eeu 9 5. § 530, b. 


572. Cor. 1. The lateral area of a right circular cylinder 
equals the circumference of its base multiplied by the length 
of the altitude. 

573. Cor. 2. If r = the length of the radius of the base, 
h = the length of the altitude, A = the lateral area, and , 
T = the total area of a right circular cylinder, then 
(a) A=2-arh. (0) T =2ar° + 2crh, or 2ar(r +h). 


Note. If the cylinder is oblique, a right section is an ellipse. 
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PROPOSITION IV. THEOREM 
574, The volume of a circular cylinder equals the 
area of its base multiplied by the length of ats altitude. 


Hypothesis. V =the volume, B = the area of the base, 
and h = the length of the altitude of a circular cylinder. 


Conclusion. Wh ih SK Tox 


Proof: STATEMENTS REASONS 


1. Inscribe in the cylinder a prism having/1. § 514. 
its base inclosed by a regular polygon. 
Let V’ = its volume and B’ = the area 
of its base. Then V’ =h X B’. 

2. If the number of faces of the prism be|2° (a) § 568, a. 
increased indefinitely, V’—»V and} (0) § 570,d. 
B’ —~>B. 

3. eo as 3. § 530, a. 

4, 2 AEN Oe se 4. § 530, b. 


575. Cor. If r = the radius of the base of a circular 
cylinder, then V = xrh. 


576. Optional proof of § 574, by Cavalieri’s Theorem. 


1. Let the base and altitude of cylinder C and of prism 
P be B and h respectively. 


Let p and c be sections of P and C respectively at the 
same distance from the bases. Then p = c. 

2. “. volume of C = volume of P. Sbag 

3. .. volume of C = h x B. 
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Ex, 4. Find the lateral area of a right circular cylinder whose 
altitude is 16 and the diameter of whose base is 8. 

Ex. 5. Find the total area of a cylinder of revolution whose altitude 
is 15 and the radius of whose base is 3. 

Ex. 6. Determine the cost at 35¢ per square yard of painting the 
vertical surface and top of a gas holder whose diameter is 30 ft. and 
whose height is 20 ft. 

Ex. 7. How many square feet of tin are required to make 15 sec- 
tions of hot-air furnace pipe 10 in. in diameter and 30 in. in length? 

Ex. 8. What is the cost of digging a dry well 8 ft. in diameter and 
15 ft. deep at 50¢ per cubic yard? 

Ex. 9.. What is the capacity, in gallons, of a water tank 12 ft. in 
length and 42 in. in diameter, estimating 7: gal. of water to a cubic 
foot? 

Ex. 10. How many cubic feet of metal are there in a hollow 
cylindrical tube 18 it. long, whose outer diameter is 8 in. and whose 
thickness is 1 in.? 

Ex. 11. Determine the number of cubic yards of concrete required 
for the wall and floor of a circular cistern 6 ft. in outside diameter, 
and 12 ft. deep, if the walls and floor are 8 in. thick. 

Ex. 12. Determine the diameter of a 6 bbl. water reservoir having 
the form of a right circular cylinder if the altitude is 8 ft. 

(2 bbl. = 63 gal.; 1 cu. ft. contains 72 gal.). 

Ex. 13. What is the total area of a right circular cylinder whose 
altitude is 15 in. and whose base diameter is 5 in.? 

Ex.(14. How many gallons will be contained in a right circular 
cylindrical water tank if the height is 5 ft. and the diameter is 24 in.? 

Ex.15. How many gallons of fuel oil can be stored in a right 
circular cylindrical tank 72 in. long and 52 in. in diameter? 

Ex. 16. What is the number of square feet of radiating surface 
on a steam pipe 2 in. in outside diameter, and 20 ft. long? 

Ex. 17. Prove that the locus of points in space at a given distance 
from a given line is the circular cylindrical surface whose axis is the 
given line and the radius of whose right section is the given distance. 

Ex. 18. (a) How long is the altitude of a circular oblique cylinder 
whose elements are 15 in. long, if any element makes an angle of 60° 
with the perpendicular dropped from its upper end to the base of the 
cylinder? 
~ (b) What is the volume of this cylinder if the radius of its base is 
3 in.? y 

Note. Additional Exercises 58-67, pp. 462-3, can be studied now. 
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CONES 


577. A conical surface is the surface generated by a 
moving straight line, which always intersects a given plane 
curve and always passes through a given 
point not in the plane of the curve. 

Thus, line OA moves so as always to in- 
tersect plane curve ABC, and always passes 
through point O, not in the plane of the curve. 

The moving line is the generatrix, and 
the curve, the directrix. 

The given point is the vertex, and 
any position of the generatrix, as BOB’, is called an 
element of the surface. ; 

If the generatrix is infinite in length, it generates two 
surfaces of infinite extent, O—A’B’C’ and O-ABC, called 
the upper and lower nappes of the conical surface. 


578. Through every point of a conical surface, excepting 
the vertex, there is only one element. (§ 5, a.) 


579. A convex closed conical surface is generated when 
the directrix 1s a closed plane curve such that a straight line 
or plane will intersect it in two and in only two points. 

A plane cannot contain more than two elements of a convex 
closed conical surface. 


580. One nappe of a convex closed conical surface separates 
from surrounding space a portion of space, infinite in extent. 


581. A cone is a solid bounded by a portion of one 
nappe of a convex closed conical surface and 
that part of a plane which.cuts all the elements 
of the surface and lies within the surface. 
The part ofthe plane is the base of the 
cone, and the part of the conical surface is 
the lateral surface of the cone. 
The altitude of a cone is the perpendicular from its 


vertex to the plane of the base. 
tt 
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582. A circular cone is a cone whose base is inclosed 
by a circle. 

The axis of a circular cone is the straight line drawn from 
the vertex to the center of the base. 

A right circular cone is a circular cone whose axis is 
perpendicular to its base. 

A frustum of a cone is the part of a cone included 
between the base and a plane parallel to the base. The 
base of the cone is called the lower base, and the section 
of the cutting plane the wpper base, of the frustum. 

The altitude of a frustum of a cone is the perpendicular 
between the planes of the bases. 


583. The elements of a right circular cone are equal. 


584. The elements of a frustum of a right fe) 
circular cone are equal. (Prove AC=XY.) 


585. As a consequence of § 5838, the 
slant height of a right circular cone is the 
length of an element; as OX. 

The slant height of a frustum of a right 
circular cone is the length of the part of the 
slant height of the right circular cone between the bases 
of the frustum; as XY. 


Ex. 19. Ifa right triangle be revolved about one of its legs as an 
axis, it generates a right circular cone, called a cone of revolution. 
» Ex. 20. Find, correct to tenths, the slant height of a right circular 
cone whose altitude is 12 in. and the radius of whose base is 4 in. 
Ex. 21. Find the slant height of a right circular cone whose altitude 

K is h and the radius of whose base is r. 

x Ex. 22. The radii of the upper and lower bases of the frustum of a 
right circular cone are 2 in. and 6 in. respectively; the altitude of the 
frustum is 10 in. Determine the slant height correct to tenths. 

_ Ex. 23. Find the altitude of a right circular cone whose slant 

x height is 15 and the radius of whose base is 5 in. 

Ex, 24. In Ex. 23, what would be the slant height of the frustum 
made by a plane parallel to the base and 4 in. from the vertex? 
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PROPOSITION V. THEOREM 


586. If a plane passes through an element of a 
(convex) cone and through at least one other point of 
the surface of the cone, the intersection with the total 
surface of the cone is a triangle. 


M 


C D 
Hypothesis. Plane M, passing through element OC of 
cone K intersects the surface again in point E, not in OC. 
Conclusion. The intersection of M and the total surface 
of K is a triangle. 
Proof: STATEMENTS REASONS 


1. Element OE, through E, lies in M. 1. Why? 

2. M cannot contain any other points of the|2. By Step 1, 
lateral surface of K, for, if it did, it| and § 579. 
would contain also the elements through 
those points, and that is impossible. 

3. OE and OC meet the base in Dand C. |3. § 581. 

CD lies in M and in the base. 4. Why? 

.. AOCD is the intersection of Mand K.|5. § 412. 


Ex. 25. Prove that the intersection of the surface of a right circular 
cone and a plane through an element is an isosceles triangle. 


Sala ag 


Ex. 26. If the elements of a right circular cone 
make 30° angles with the altitude, and the radius of 


the base is 3 in., how long is the slant height and 
the altitude? 


Ex. 27. If the slant height of a right circular 
cone is 12 in., and if an element makes an angle 
of 45° with the altitude, what is the radius of the base? 


Cones 403 


*PROPOSITION VI. THEOREM 


587. The section of the lateral surface of a circular 
cone made by a plane parallel to the base is a circle. 


Hypothesis. A’B’C’ is the section of circular cone S-ABC, 
made by a plane || base ABC whose center is O. 


Conclusion. A’B’C’ is a circle. 
Proof: STATEMENTS REASONS 
1. Draw axis OS intersecting plane A’B’C’ | 1. § 582. 
at Of. 
2. Let A’ be one pt., and B’ any other pt. of | 2. § 578; 
A’B'C’. Draw SA’A, SB’B, OA and OB. § 581. 


3: .. A’O’ || AO and B’O’ || BO. 3. Why? 
IOS OS BOL eacOlS 4 
.. ——_—- = 4 = ~~. » oP 5 
LER TG@ET Gee SEE ES a a 
5. wD OU AlO® 5. § 254. 
6. .. all points of A’B’C’ are at the distance | 6. B’ was any 


A’O’ from O’ and A’B’'C’ isa ©. pt. on A’B’C’. 
588. Cor. The area of a section of a circular cone, 
made by a plane parallel to the base, ts to the base as the 
square of its distance from the vertex is to the square of the 
altitude. 
For, if d is the distance and h is the altitude, 
7 Ar Al Ay Ar2 
sat 00 9 gp); ant PR 


area of © Of _ @ (3) 
area of © O ih?’ h 


Os Le 
OS? h2 
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MEASURING THE CONE 


589. A pyramid is inscribed in a cone when its lateral 
edges are elements of the cone and the bounding polygon 
of the base of the pyramid is inscribed in the boundary 
of the base of the cone. 


590. A frustum of a pyramid is inscribed 
in a frustum of a cone when its lateral edges 
are elements of the frustum of the cone, and 
the boundaries of its bases are inscribed in 
the boundaries of the bases of the frustum 
of the cone. 


591. Application of limits to the cone. 
Inscribe in a circular cone a pyramid hav- 
ing a base inclosed by a regular polygon ; then 
inscribe a second pyramid whose base is in- 
closed by a regular polygon having double 
the number of sides; imagine that this 
process is continued indefinitely. Then : 

(a) The volume of a cone is defined to be the limit of 
the volume of the inscribed pyramid as the number of 
faces is increased indefinitely. 

(b) The lateral area of a cone is defined to be the limit 
of the lateral area of the inscribed pyramid as the num- 
ber of faces is increased indefinitely. 

(c) It can be proved that the slant height of a ae 
circular cone is the limit of the slant height of the inscribed 
pyramid as the number of faces is increased indefinitely. 

(d) The volume and lateral area of a frustum of a cone 
are defined to be the limits of the volume and lateral area 
respectively of the frustum of an inscribed regular pyramid, 
as the number of faces is increased indefinitely ; also, the 
slant height of a frustum of a right circular cone can be 
proved to be the limit of the slant height of the frustum 
of an inscribed regular pyramid as the number of faces is 
increased indefinitely. 
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PROPOSITION VII. THEOREM 
§92. The lateral area of a right circular cone equals 
the circumference of its base multiplied by one half 
ats slant height. 


Hypothesis. A = the lateral area, c = the circumference 
of the base, and s = the slant height of a right circular cone. 


Conclusion. A= Ca 
Proof: STATEMENTS REASONS 


1. Inscribe in the cone a pyramid whose | 1. § 589. 
base is inclosed by a square. Let A’ 
= the lateral area, p’ = the perimeter 
of the base, and s’ = the slant height of 
the inscribed pyramid. 


py Re ee ia Ox. Rak G27, 

3. Increase indefinitely the number of | 3. § 591, b. 
faces of the pyramid, by successively § 570, a. 
doubling the number of sides of its base. § 591, ¢. 

Then A’ —>A; p’—~>c; and s’—~>s. 

4. “ ip’ Xs’ —>Ht cs. 4. § 530, c. 

5. 1 A= 76s. 5. § 530, b. 


*593. Cor. If A denotes the lateral area, T the total area, 
s the slant height, and r the radius of the base of a ache circular 
cone, then 
A. = 2ar-X458, or x78. 
Also, T = ars + xr, or ar(s +1). 
4 Ex. 28. Find the lateral area and the total area of the right circular 
cone, the radius of whose base is 7 in. and whose slant height i 25 in. 
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PROPOSITION VIII. THEOREM 


594. The volume of a circular cone equals the area 
of its base multiplied by one third the length of tts 
altitude. 


Hypothesis. V = the volume, B = the area of the base, 
and h = the length of the altitude of a circular cone. 


Conclusion. WW = 2 Ip 


Proof: STATEMENTS REASONS 


1. Inscribe in the cone a pyramid whose base | 1. § 589. 
is inclosed by a square. Let V’ = ss 
volume, B’ = the area of its base, and 
h = the length of its altitude. 

2. Vie nals ce ey 2. Why? 

3. Increase indefinitely the number of faces | 3. § 591, a. 
of the pyramid by successively doubling § 570, d. 
the number of sides of its base. 

Then V’—>V>; B’—>B. 
4. +B’ Xh—>iBxh 4. § 530, a. 
5. et Vemeat By. 5. § 530, b. 


oo 


595. Cor. If V denotes the volume, h the altitude, and r 
the radius of the base of a circular cone, V = 4 xh. 


596. Optional proof of § 594, by Cavalieri’s Theorem : 


1. Let pyramid P and cone C have equal bases of area B, 
and altitude h. Let p and ¢ be sections of P and C, 
respectively, at the distance d from their vertices. 


areaofp _ d@? area ofc _ @? § 524 
Ba Shige oie a ee § 588 
3. “. area of p = area of ¢. § 254 
4. *. volume of C = volume of P. § 532 
5. .. volume of C = 1 Bh. Ax. 2 
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PROPOSITION IX. THEOREM 


597. The lateral area of a frustum of a right 
circular cone equals the sum of the circumferences of 
its bases, multiplied by one half its slant height. 


Hypothesis. A = the lateral area, c and c’ = the circum- 
ferences of the lower and upper bases respectively, and s = the 
slant height of a frustum of a right circular cone. 

Conclusion. A = s(c-+ ce’): 

Proof: STATEMENTS REASONS 


1. If A’ =the lateral area, p and p’ = the | 1. § 590. 
perimeters of the lower and upper bases, § 528. 
and s’ = the slant height of the frustum of 
a regular pyramid inscribed in the frustum 
of the cone, then A’ = is’(p + 7p’). 

2. Increase indefinitely the number of faces | 2. § 591, d. 
of the frustum of the regular inscribed 
pyramid. Then A’—>A; p’—>¢’; 

p—c; s'—>s. 
3. » £s'(p + p')—> #8(c + €’). 3. § 530, ¢. 
4.  A=ts(e+C').- 4. § 530, b. 


598. Cor. 1. If A denotes the lateral area, s the slant 
height, and r and r’ the radit of the bases of a frustum of a 
right circular cone, A =(2 ar + 2a’) X ZS, OF ms(r + 1’). 


599. Cor. 2. The lateral area of a frustum of a right 
circular cone is equal to the circumference of a section mid- 
way between the bases, multiplied by the slant height. 
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Ex. 29.. Determine the volume of the right circular cone, the radius 
of whose base is 6 in. and whose altitude is 25 in. 

Ex. 30.’ Determine the volume of the solid generated when a right 
triangle of base 4 and altitude 15 revolves around its altitude. 


Ex. 31. Determine the ratio of the volumes of a circular cone and 
a circular cylinder having the same base and altitude. 


Ex. 32.. How many square yards of canvas are required for a circus 
tent having. the form of a right circular cylinder, surmounted by a 
right circular cone, if the diameter of the tent is 100 ft., the height 
of the vertical wall 15 ft., and the height of the highest point of the 
tent 50 ft.? 


Ex. 33. The diameter of the base of a right circular cone is 10 in. 
and its slant height is 20 in. Determine its lateral and total area, and 
its volume. 

Ex. 34. Prove that the axis of a circular cone passes through the 
center of every section parallel to the base. 

Ex.(35.) Prove that the radii of the upper and lower bases of a 
frustum of any cone have the same ratio as the distances of the bases 
from the vertex of the cone. 

Ex. 36. What is the volume of the right circular cone whose slant 
height is 20 ft. and whose altitude is 16 ft.? 

; Ex. 37. What is the lateral area and the volume of the right circular 
cone whose altitude is 15 in. and the circumference of whose base is 
10 7in.2 

Ex./38. (a) What is the volume of the cone whose diameter is 
8 in. and whose altitude is 16 in.? 

(b) What is the volume of the cone cut off from this given cone by 
a plane which is parallel to the base and 8 in. from the vertex? ° 

(c) What is the volume of the frustum of the original cone lying 
below this plane? 

Ex. 39, Let ABCD be a rectangle, and XY be L DC and AB, 
through point O, the intersection of the diagonals. Assume that 
rectangle ABCD is revolved around XOY as axis. 

(a) What is the volume of the cylinder generated by ABCD? 

(b) What is the volume of the cones generated by AAOB and ADOC? 

\ Ex, 40. Let O-ABCD be a right circular cone with altitude 18 in. 
and radius of base 5in. Inscribe in it a square pyramid. 

(a) Compare the volume of the cone with the volume of the 
pyramid. 

(b) Compare the lateral area of the cone with that of the pyramid. 

Note. Additional Exercises 68-75, pp. 463-4, can be studied now. 


_ Optional Topic A 409 
OPTIONAL TOPICS 


Topic A. The volume of a frustum of a cone. 

Topic B. Similar cylinders and cones of revolution. 

Topic C. Planes tangent to cylinders and cones. 

Topics B and C are included as subsidiary in the list of 
the College Entrance Examination Board. 


OPTIONAL Topic A 


PROPOSITION X. THEOREM 


600. The volume of a frustum of a circular cone equals 
the sum of its bases and the mean proportional between them, 
multiplied by one third tts altitude. 


Hypothesis. V = the volume, B and B’ = the areas of the 
lower and upper bases, respectively, and h = the length of 
the altitude of a frustum of a circular cone. 

Conclusion. V =th(B+B'4+vBB). 

Proof: STATEMENTS REASONS 
1. Inscribe in the frustum of the cone a | 1. § 539. 

frustum of a pyramid having its base in- 
closed by a square. Let v = its volume, 
and b and b’ = the areas of its lower and 
upper bases respectively. ee 
Then v = th(b +b’ + Vb’). 
2. Successively double the number of faces | 2. § 591, d. 
of the frustum of the pyramid. 
_ Then v—>V; )—~>B; and b’—> B’. 
3. £h(b +b’+V bb!) —> 4h(B + B’+VBB’).| 3. § 530, c. 
4. VV =4h(B +B’ + VBB). 4. § 530, b. 
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601. Optional proof of §600 by Cavalieri’s Theorem. 


1. Let the bases of cone C and pyramid P be equal, having 
area B ; let their altitudes be equal to H. Let A’B be 
a frustum of C with altitude hk and upper base of area B’ ; 
let E’F be a frustum of P also with altitude h. Let A’’B” 
be a section of frustum A’B made by a plane parallel to 
AB at distance d from it. Let E’’F’”’ be a section of 
frustum H’F made by a plane parallel to EF and at dis- 
tance d from it. 

F Area A’B’ _ (H —h)?, area E'F’ _ (H —h)? § 588 


Area AB HA? ” area HF FH? § 524 
.. Area E’F’ = area A’B’, § 254 

Area AB" _ {H — d)?, area er" — (i — d)® 

Area AB ~ “i Hic ©) *areas RP ) otoel? 

area AUB” = area Jeu Rh", y 
3. .. volume A’B = volume E’F. § 532 
4. But volume L’F = ih(B + B’+VBB’). § 539 
5. .. volume, A’B = }3h(B + B’+°7BB Ax. 2 


Note. Observe that C is not assumed to be a circular cone. 
Ex. 41. Find the volume of a frustum of a circular cone whose 
altitude is 15 in., and whose bases have diameters of 8 in. and 6 in. 


OPTIONAL Topic B 


602. Similar cylinders of revolution are generated by the 
revolution of similar rectangles about corresponding sides. 

Similar cones of revolution are generated by the revolu- 
tion of similar right triangles about corresponding sides. 
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PROPOSITION XI. THEOREM 


603. The lateral or total areas of two similar cylinders of 
revolution are to each other as the squares of their altitudes, or 
as the squares of the radii of their bases; and their volumes 
are to each other as the cubes of their altitudes, or as the cubes 
of the radii of their bases. 


Hypothesis. A and A’ are the lateral areas, T and T’ are 
the total areas, V and V’ are the volumes, /# and h’ are the 
altitudes, and r and 7’ the radii of the bases, of two similar 
cylinders of revolution. 


: A Dead a ate, Vo eee ts 
Conclusion. Fee a ae and TW? aR = oa 
Proof: STATEMENTS _ REASONS 

1! ee 1. Why? 
Tr ie 
/ IA 
2. Sa eae 2. § 257. 
T r 
3. Sanne 3. § 255. 
in + r! r! 
pom Ame? aie Te er eal! 4. § 573 
bd All 2 ar’h’ r! he 2 h’2 ie 2 
4g 2ar(h + 1) r (eA 
Soe SUT = XG HF 5. § 573 
5 T’ 9 ar’ (h! a r’) r! r! 2 h”2 9. 
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PROPOSITION XII. THEOREM 


604. The lateral or total areas of two similar cones 
of revolution are to each other as the squares of their 
slant heights, or as the squares of their altitudes, or 
as the squares of the radia of their bases; and their 
volumes are to each other as the cubes of their slant 
heights, or as the cubes of their altitudes, or as the 
cubes of the radii of their bases. 


af 


Hypothesis. A and A’ are the lateral areas, T and T’ the 
total areas, V and V’ are the volumes, s and s’ are the slant 
heights, 2 and h’ are the altitudes, and r and 7’ the radii of the 
bases, of two similar cones of revolution. (§ 602.) 

: Be Saeko Mee a a es 

Conclusion. Jamo me ON ae 

3 
and V eS ay h3 73 


te ay RIT 


The proof is left to the pupil; model it after that of § 603. 


Note. Recalling at this point the various theorems about the 
ratios of segments, of areas, and of volumes of similar figures, observe : 

(a) That the ratio of any two corresponding segments of similar 
figures equals the ratio of any two other corresponding segments. 

(b) That the ratio of the areas of any two corresponding surfaces. 
of similar figures equals the ratio of the squares of any two correspond- 
ing segments; or equals the square of the ratio of any two corre- 
sponding segments. 

(c) That the ratio of the volumes of any two similar solids equals 
the ratio of the cubes of any two corresponding segments; or equals 
the cube of the ratio of any two corresponding segments. t. 
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OPTIONAL Topic C 


605. A plane is tangent to a circular cylinder or toa 
circular cone when it contains one and only one element of 
the cylinder or of the cone. 


PROPOSITION XIII. THEOREM 
606. A plane determined by an element of a cir- 
cular cylinder and a tangent to the base at its extremity 
is tangent to the cylinder. 


Hypothesis. AA’ is an element of circular cylinder AB’; 
line CD is tangent to the base AB at A; and plane CD’ is 
determined by AA’ and CD. 

Conclusion. Plane CD’ is tangent to the cylinder. 


Proof: STATEMENTS _ REASONS 


1. Let E be any point in plane CD’, not in | 1. § 564. 
AA’ and draw through E a plane || to the 
bases, intersecting CD’ in line EF and the 
cylinder in circle FH. 


2. Draw axis OO’ ; then OO’ || AA’. 2. § 565. 

3. The plane of OO’ and AA’ intersects the | 3. Why? 
planes AB and FH in radii OA and GF. 

4. ZGFE = ZOAD =rt. Z. 4. Prove it. 

5. .. FE GF, and tangent to © FH. 5. Why? 

6. .. point E lies outside the cylinder. 6. § 172, b. 

72 ”. CD’ is tangent to the cylinder. 7. § 605. 
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Hypothesis. 


PROPOSITION XIV. THEOREM 
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607. A plane determined by an element of a circular 
cone and a tangent to the base at its extremity is 
tangent to the cone. 


OA is an element of circular cone OAB; 


line CD is tangent to base AB at A; and plane OCD is deter- 
mined by OA and CD. 


on Pw 


Conclusion. 


Proof: STATEMENTS 


. Let E' be any point of plane ODC, not in 


OA, and draw through E a plane || base 


AB, intersecting ODC in line EF and the | 


cone in © FK. 


. Draw axis OHG. Then plane OAG cuts 


FHK in radius FH, and AGB in radius 
AG. 
ZHFE =ZGAC. 
.. FE FH, and FE is tangent to © H. 
.. E lies outside the cone. 

.. Every point of plane ODC, not in OA, 
lies outside the cone, or ODC is tangent 
to the cone. 


Plane OCD is tangent to the cone. 


Pon wm w 


REASONS 


1. 


§ 587. 


§ 582. 


Prove it. 
Prove it. 


= Prove’it: 
- Why? 


& 


BOOK IX 


THE SPHERE 


608. A sphere is a closed surface all points of which 
are equidistant from a point within, called the center. 

A radius of a sphere is the straight line segment drawn 
from its center to any point of it. 

A diameter of a sphere is the straight line segment 
drawn through the center having its extremities in the 
sphere. 

A point is within, on, or outside a sphere according as 
its distance from the center is less than, equal to, or 
greater than the radius. 


~ ~ *PROPOSITION I. THEOREM 


609. If a plane intersects a sphere, the intersection 
is a circle. 


Hypothesis. ABC is the intersection of the sphere whose 
center is O and plane MN. 

Conclusion. Intersection ABC is a©O. 

Proof: STATEMENTS REASONS 


1. Let OO’, | plane MN, meet it at O’. 1. § 423. 
2. Let A be a particular point and B any | 2. §5, 4. 
- other point on ABC. Draw OA, OB, 
O’A, and O’B. 
3. Then O’A = O’B, and ABC is a circle. 3. Prove it. 
415 
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610. A great circle of a sphere is the intersection of it 
and a plane passing through its center ; as OABC. 

A small circle of a sphere is the inter- 
section of it and a plane which does not 
pass through its center ; as ODE. 

~The axis of a circle of a sphere is the 
diameter of the sphere which is perpen- 
dicular to the plane of the circle. 

The poles of a circle of a sphere are 
the extremities of the axis of the circle; as P and P’. 


611. Cor.1. The axis of a circle of a sphere passes 
through the center of the circle. 


612. Cor. 2. All great circles of a sphere are equal. 


613. Cor. 3. Every great circlebisects the sphere. 


For, if the portions of the interior of:the sphere formed by the plane 
of the great circle be separated, and placed so that their plane surfaces 
coincide, the spherical surfaces falling on the same side of this plane, 
the two surfaces will coincide throughout. 


614. Cor. 4. The planes of any two great circles of a 
sphere intersect each other along a diameter of the sphere. 


615. Cor. 5. Between any two points of a sphere, not the 
extremities of a diameter, one and only one arc of a great 
circle, less than a semicircle, can be drawn. 


For the two points, with the center of the sphere, determine a 
plane which intersects the sphere in the required are. 


616. Cor. 6. Through any three points of a sphere, one 
and only one small circle can be drawn. 

For these three points determine a plane which intersects the 
sphere in one and only one circle through the three given points. 

617. Two spheres are congruent when their radii are 
equal. All radii and diameters of the same sphere or 
congruent spheres are equal. 


618. A sphere may be generated by the revolution of a 
semicircle about its diameter as an axis. 
ty 


The Sphere 417 


Ex. 1. How many great circles can be passed through two points 
which are the extremities of a diameter of a sphere? 

Ex. 2. What kind of circle of the earth is the equator? 

Ex. 3. Speaking strictly, is it accurate to speak of the North Pole 
of the earth? Of what circle or circles is it a pole? 

Ex. 4. What kind of circles of the earth are the parallels of latitude? 

Ex. 5. What kind of circles of the earth are the meridians? 

Ex. 6. Into how many parts do two great circles of a sphere divide 
the sphere? 

Ex.(7. Into how many parts do three great circles of a sphere 
divide the sphere, if they do not all have a common diameter? 

Ex. 8. Prove that all circles of a sphere made by parallel planes 
have the same axis and the same poles. 

Ex, 9., Given a point of a sphere. Prove that it is the pole of one 
and only one great circle. 

Ex. 10. How many small circles of a sphere pass through two given 
points on the surface of the sphere, if the points are not the ends of a 
diameter? 

Ex. 11. Prove’that a great circle of a sphere which passes through 
one pole of another circle must pass through the other pole also. 

Ex. 12. Prove that circles of a sphere made by planes equidistant 
from the center of the sphere are equal. 

Ex. 13. State and prove the converse of Ex. 12. 

Ex. 14. Prove that circles of a sphere made by planes unequally 
distant from the center of the sphere are unequal, the more remote 
being the smaller. 

Ex(15. State and prove the converse of Ex. 14. 

Ex. 16. In how many points can two straight lines intersect? 
In how many points on one hemisphere can two great circles intersect? 


619. The great circles of a sphere in spherical geometry 
correspond to the straight lines of a plane in plane geom- 
etry. § 615 and Ex. 16 are two instances of this fact. 

It is proved later that the length of the arc of the great 
circle, less than a semicircle, between two points of a sphere 
is less than the length of any other curved line on the sphere 
between the two points. 

’ The spherical distance between two points of a sphere 
is defined to be the arc of the great circle, less than a 
semicircle, drawn between them. ‘ ; 


bis \\ ae 
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— PROPOSITION II. THEOREM 


620. The spherical distances of all points of a 
circle of a sphere from a pole of the circle are equal. 


Hypothesis. P and P’ are the poles of OABC of sphere M. 


Conclusion. All points of ©ABC are equidistant from P, 
and also from P’. 


~ 


Proof: STATEMENTS REASONS 


1. From A and B, any two points of OABC, | 1. § 615. 
draw great circle ares PA and PB. Draw 
PA. LB. 


2. Axis PMP’ 1 plane of © ABC at center O. | 2. § 611. 

3. Chord PA = chord PB. 3. Prove it. 
4. ©PAP’ and PBP’ are equal. 4. § 612. 

5. - PA = PB. 5. Why? 

6. .. all points of OABC are equidistant from | 6. 


Why? 
P. Also they are equidistant from P’. : 
621. The polar distance of a circle of a sphere is the 
spherical distance from the nearer of its poles to the 
circle, or from either pole if they are equally near. 


622. Cor. The polar distance of points of a great circle 
of a sphere from either pole is a quadrant. 

Note. The term quadrant in Spherical Geome- 
try usually signifies a quadrant of a great circle. 

Hypothesis. P is a pole of great ©ABC; Bis 4“ 
any point in ©ABC, and PB is an are of a 
great ©. 

Conclusion. Arce PB = a quadrant. 
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*PROPOSITION III. THEOREM 


623. A point of a sphere at a quadrant’s distance 
from each of two points, not the extremities of a diam- 
eter of the sphere, is a pole of the great circle through 
those points. 


Hypothesis. P is on the sphere whose center is O. AB is 


an are of great O©ABC, not a semicircle. PA and PB are 
quadrants of great ©. 


Conclusion. P is a pole of great OABC. 
Proof: STATEMENTS REASONS 
1. Draw PO, OA, and OB. Ls Oe 
2. POV OA; and PO.) OB. 2. Prove it. 
3. a Os plane ABE avo: 3. Why? 
4. .. P is the pole of © ABC. 4. § 610. 


Ex. 17. (a) The radius of a sphere is 6 in. What : 
is the radius of the small circle made by a plane 3 in. , €7777jR.7-> 
from the center of the sphere? . 


(b) What is the length of AP, the polar distance 
of any point of the small circle of part (a)? 

624. If a plane or a line has only one point in common 
with a sphere, it is said to be tangent to the sphere. The 
sphere is said to be tangent to the plane or line. The point 
common to the plane or line and the sphere is called the 
point of contact or tangency. 

625. Two spheres are tangent to each other when each 
is tangent to the same plane at the same point. 
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v7 PROPOSITION IV. THEOREM 


626.’ If a plane is perpendicular to a radius of a 
sphere at its outer extremity, it 1s tangent to the sphere. 


Hypothesis. Plane MN _ radius OA of sphere O at A. 
Conclusion. Plane MN is tangent to the sphere. 


Proof: STATEMENTS REASONS * 
1. Join O to any point B of MN, except A. | 1. §5,a. 
2. OB > OA. 2. Why? 
3. .. B lies outside sphere O. 3. § 608. 
4. .. MN is tangent to sphere O. | 4. § 624. 


627. Cor. A plane tangent to a sphere is perpendicular 
to the radius drawn to the point of contact. 
OA is the shortest segment from Oto MN. «OAL MN. 


Ex:,18.' Prove that a straight line perpendicular to a radius of a 
sphere at its outer extremity is tangent to the sphere. 


Ex. 19. How many straight lines can be tangent to a sphere at a 
point of the sphere? 
Ex. 20. If two straight lines are tangent to a sphere at the same 
point, their plane is tangent to the sphere. 


Ex. 21. Prove that all lines tangent to a sphere at a point of the 
sphere lie in the plane tangent to the sphere at that point. 


Ex. 22. How many straight lines can be tangent to a sphere from 
a point outside the sphere? Compare the lengths of these tangents, 
from the point to the points of contact. 

628. A sphere is inscribed in a polyedron if it is tangent © 
to all the faces of the polyedron ; and it is circumscribed 


about the polyedron if it passes through all the vertices of 
the polyedron. % 
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PROPOSITION V. THEOREM 
629. A sphere can be inscribed in any tetraedron. 


Hypothesis. ABCD is any tetraedron. 
Conclusion. A sphere can be inscribed in ABCD. 
Plan. Find a point equidistant from the faces of ABCD. 


Proof: STATEMENTS REASONS 


1. Let: plane ABX bisect diedral Z AB, and | 1. § 413. 
plane ADY bisect diedral ZAD. Then 
ABX intersects AD Y in line AW. 

2. Every point on AW is equidistant from | 2. § 467. 
planes ABC and ABD ; and also equidis- 
tant from planes ABD and ACD. 

3. .. every point on AW is equidistant from | 3. Ax.1 
planes ABC, ABD, and ACD. 

4. Let CDZ, bisecting diedral Z CD, intersect | 4. Why? 
AW in point O. Then O is equidistant 
from BCD and ACD. 

5. .. O is equidistant from all the faces of | 5. step3; 
ABCD. Ax. 1. 

6. .. the sphere with center O and radius | 6. § 626. 
equal to the distance from O to plane 
BCD will be tangent to each face of 
ABCD. 

7. _.. sphere O is inscribed in ABCD. 7. § 628. 

Ex, 23. Prove that the points of contact of all lines tangent to a 
sphere from an exterior point lie in a circle of the sphere. 
"4 Ex. 24, What figure is formed by the tangents in Ex. 22? 


fa {A 
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*PROPOSITION VI. THEOREM 


630. A sphere can be circumscribed about any 
tetraedron. 


Hypothesis. ABCD is any tetraedron. 
Conclusion. A sphere can be circumscribed about ABCD. 


Proof: STATEMENTS REASONS 


1. The locus of points equidistant from B | 1. § 465. 
and C is plane JJF, 1 BC at its mid- 
point J. The locus of points equidis- 
tant from C and D is plane EKF, 1 CD 
at its mid-point K. 
2. These planes intersect in HF 1 BCD. 2. § 460. 
3. The locus of points equidistant from A | 3. Why? 
and D is plane TSV, 1 AD at its mid- 
point S, and intersecting HF at O. 
4. O is equidistant from B and C, from C | 4. Why? . 
and D, and from A and D. 
5. .. O is equidistant from A, B, C, and D. 5. Why? 
6. .. a sphere with center O and radius OA | 6. § 608. 
will pass through A, B, C, and D. 

631. Cor. A sphere is determined by four non-coplanar 
points, of which no three-le in a straight line. 

632. The measure of the angle between two intersecting 
curves is the measure of the angle formed by the tangents 
to the curves at the point of intersection. 

A spherical angle is the angle between two intersecting 
arcs of great circles. 


* 
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~" %\ *PROPOSITION VI. THEOREM 


633. A spherical angle is measured by the are of a 
great circle having the vertex of the angle as a pole and 
included between the sides of the angle, extended if 
Necessary. 


A 
D 


B 


Wy, 


Cc 


Hypothesis. ABC and ABC are arcs of great © on the 
sphere O ; lines AD and AD’ are tangent to ABC and AB’C, 
respectively, and BB’ is the arc of the great © having A asa 
pole, and included between ares ABC and AB’C. 


Conclusion. BAB’ is measured by are BB’, 


Proof: STATEMENTS REASONS 
1. Draw diameter AOC, and OB and OB’. | 1. § 614. 
oe Arcs AB and AB’ are quadrants. 2. § 622. 
SY, = AC eLOBrand AG OBL 3. Prove it. 
4, AO LAD; and AO 1 AD’. 4. Why? 
5. .. OB || AD and OB’ || AD’. 5. Prove it. 
6. “07, DA Da=/7,.BOB'. 6. § 442. 
7. .. ZDAD?’ is measured by are BB’. 7. Prove it. 
8... ZBAB’ is measured by are BB’. 8. § 632. 


634. Cor.1. The angle between the arcs of two great 
circles has the same measure as the diedral angle formed by 
the planes of the circles. 


635. Cor. 2. An arc of a great circle drawn to another 
» great circle from the latter’s pole 1s perpendicular to that 
great circle. Prove AB’ 1 B’B. 


Ex. 25. How large is Z B’AB, if Z B’OB, is 40°? 
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SPHERICAL POLYGONS 


636. A spherical polygon is a closed line on the surface 
of a sphere consisting of arcs of three or more great 
circles. We shall consider only convex 
spherical polygons. (See § 121.) 

The arcs are the sides of the polygon. 

Two consecutive sides form an angle 
and meet at a vertex of the polygon. 

The definitions for the various kinds of 
triangles correspond exactly to those for 
plane triangles. 

637. The planes of the sides of a spherical polygon form a 
polyedral angle, whose vertex is the center of the sphere, 
whose face angles are measured by the sides of the spher- 
ical polygon, and whose diedral angles have the same 
a i as the angles of the polygon. 


PROPOSITION VII. THEOREM 


or 
TN am Any side of a spherical triangle is less than 
the sum of the other two sides. 


Hypothesis. ABC is any spherical triangle on sphere O. 
Conclusion. Any side < the sum of the other two sides. 


Proof: STATEMENTS REASONS . 
a; Join A, B, and € to center O. 1. §5,a. 
2. Then ZCOA < ZBOA + ZBOC. 2. § 475. 


3. But the measure of ZCOA = the meas- 3. Why? 
ure of AC ; ete. 


4. AC < AB + BO. Peres 


% 
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PROPOSITION IX. THEOREM 


639. The sum of the sides of a convex spherical 
polygon is less than 360°. 
B 


mr: 


Hypothesis. ABCD is a convex spherical polygon. 
Conclusion. AB + BC +CD+DA < 360°. 


Proof: STATEMENTS REASONS 
cB Form polyedral angle O-ABCD. 1. § 637. 
2. ZAOB+ZAOD+2ZDO0C+2ZBOC <3860°. | 2. § 476. 
Ss: Z AOB is measured by AB; etc. 3. Why? 
4, .. the sum of the measures of AB, AD, | 4. Ax. 2, 
DC, and BC < 360°, or 
AB +AD+DC+EC < 360° ona great ©. 


640. Cor. The sum of the sides of any convex spherical 
polygon is less than a great circle of the sphere. 

Note. Propositions VIII and IX and other theorems about spher- 
ical polygons are formulated from corresponding theorems about 
polyedral angles by replacing in the latter the words “‘ face angle We 
and “ diedral angle’ by ‘‘side”’ and “ angle ’”’ respectively. 

Ex. 26. If two sides of a spherical triangle measure 80° and 70° 
respectively, the third side must be less than what arc? 

Ex. 27. The perimeter of a convex spherical polygon on a sphere 

* of radius 12 inches must be less than what length? 

Ex. 28. Aspherical angle intercepts an arc of 45° on the great circle 

whose pole is the vertex of the angle. 

(a) How many degrees are there in the angle? 

(b) How many degrees are there in the corresponding diedral 
angle? 


x 
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POLAR TRIANGLES 


641. Drawing great circles on a sphere of known radius. 
Using as radius AP, the chord of a quadrant, and a point 
P as center, the resulting curve on the sphere : 
will be a great circle, and P is one of its 
poles. (Proved by § 623.) 

Observe that the circle is drawn from 4 
one of its poles, and not from its center. 

This radius is the hypotenuse of the 
isosceles right triangle whose sides equal 
the radius of the sphere. 


Ex. 29. ‘What is the approximate length, correct to the nearest 
tenth, of the chord of a quadrant on a sphere of radius 10 in.? 


642. The polar triangle of a given triangle is formed by 
drawing great circles from the vertices of the given triangle 
as poles. These circles divide the sphere into eight parts 
whose boundaries are triangles. 


Thus, if circle B’C’B” be drawn with vertex A of spherical AABC 
as pole, circle A’C’A”’ with B as pole, and 
circle A’B’A’’B” with C as pole, the sphere 
is divided into eight A; namely, AA’B’C’, 
AA’B"'C’, NAB’C’, and AA”B"C' on the 
hemisphere represented in the figure, and four 
others on the opposite hemisphere. 


Of these eight spherical A, one is the 
polar triangle of ABC, and is determined as follows : 


Of the intersections, A’ and A” of circles drawn with B and C as 
poles, A’, which lies on the same side of B’C’B” as A, is selected as 
vertex of the polar triangle; and similarly for the other intersections. 

Thus, A’B’C’ is the polar A of ABC. 


Ex. 30. If you have a spherical blackboard, locate a point P and 
draw the great circle of which it is the pole, as in § 641. 

Ex. 31. (a) Place on the sphere two points. Locate the pole of 
the great circle which will pass through these points, by § 623. 


(b) Using this point as pole, draw the great circle through the two 
given points. 


. 
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*PROPOSITION X. THEOREM 


643. If one spherical triangle is the polar triangle 
of another, then the second is the polar of the first. 


, 


A 


B’ 


Hypothesis. AA’B’C’ is the polar A of AABC. 
Conclusion. AABC is the polar A of AA’B’C’. 


Proof: STATEMENTS REASONS 
£ B is the pole of AC. 1. § 642. 
2 . BA’ isa quadrant. 2. § 622. 
3. C is the pole of A’B’. 3. Why? 
4. - CA’ isa quadrant. 4. Why? 
5. .. A’ is the pole of BC. 5. § 623. 


Similarly C’ is the pole of AB, and B’ of 


AC. 
6. .. AABC is the polar A of AA’B’C’. 6. § 642. 


Note 1. Two spherical triangles, of which each is the polar of the 
other, are called polar triangles. 

Note 2. An excellent class exercise, in case there is a spherical 
blackboard in the room, is to carry through the following construc- 
tion: 

(a) Locate on one hemisphere three points A, B, and C which are 
not on the same great circle. 

(b) Draw great circle arcs from these points as poles, forming 
AA’B'C’, following § 641. 

(c) From A’, B’, and C’ as poles draw great circle arcs. These 
should intersect in A, B, and C. 

~  (d) Then AABC and AA’B’C’ are polar triangles. Repeat or give 
the proof of § 643 from this figure. 
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*PROPOSITION XI. THEOREM 


644. In two polar triangles, each angle of either is 
the supplement of that side of the other of which it rs 
pole. 


A 
A 
| > : 
Cc 
D E 


Hypothesis. AABC and A’B’C’ are polar A, point A being 
the pole of BC; etc. ; also A’ is the pole of Be ete. 
beri ae 
Conclusion. ZA + B’C’ = 180°; ZB + A’C’ = 180°; etc. 
ZA’ + BC = 180°; ZB’ + AC = 180°; ZC’ + AB = 180°. 


Proof: STATEMENTS REASONS 


1. Let AB and AC meet BC’ at D and E. | 1- Great © 


intersect. 
mS ~~ 
22 Bis. a pole of ACH, 32/E = 90: 2. Why? 
3. Similarly, CD = 90°. 3. § 622. 
—~ a 
4, . B/E + C’D = 180°. 4. Ax. 3. 
Cie 
- B'C’ + DEB = 180°. 5. Ax. 7. 
6. But ZA is measured by DE. 6. § 633. 
7. .. the sum of the measures of BIC’ and | 7. Ax. 2. 


ZA = 180°, or ZA + B’C’ = 180°. 


Similarly ZB+ Ae = 180°, etc. 
Ex £32, If the sides of a spherical triangle are 77°, 123°, and 95°, 
how many degrees are there in each angle of its palate triangle? 
_ Ex. 33. If the angles of a spherical triangle are 86°, 131°, and 68°, 
how many degrees are there in each side of its polar triangle? 


-_ 


~% 
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*PROPOSITION XII. THEOREM 
645. The sum of the angles of a spherical triangle 
is greater than 180° and less than 540°. 
A 


B C 
Hypothesis. A ABC is any spherical A. 
Conclusion. ZA +2B+2ZC > 180° and < 540°. 


Proof: STATEMENTS REASONS 
1. Let AA’B’C’ be the polar A of AABC, A | 1. § 642. 
being the pole of BC’, B of AC, etc. 
2. ZA+B'C’ =180°; ZB+A'C’ = 180°; ete. | 2. § 644. 
a J AB eran AO PAB ere 


= 540°. 
4. But BC’ + A°C’ + AB’ < 360°. 4. § 639. 
5. eA 2 eC Ce 5. Ax. 13. 
6. Also BC + A'cr 4 A'BY > 0°. 6. Obvious. 
q. « ZA +ZB+4+2ZC < 540°. 7. Ax. 13. 


646. The spherical excess of a spherical triangle is the 
sum of its angles diminished by 180°. 

The spherical excess of a spherical n-gon is the sum of 
its angles diminished by (n — 2) st. 4. 

Ex. 34. Prove that a spherical triangle may have one, two, or 
three right angles, or one, two, or three obtuse angles. 

647. A spherical triangle having two right angles is 
called a bi-rectangular triangle, and one having three right 
_ angles a tri-rectangular triangle. 

Note. Additional Exercises 85-102, pp. 464-5, can be done now. 
16 
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648. A zone is the portion of a sphere included between 
two parallel planes. 

The circles which bound the zone 
are its bases, and the distance be- 
tween their planes is its altitude. 

A zone of one base lies between one 
plane and a parallel tangent plane. 

If semicircle ACHB be revolved 
about diameter AB as an axis, and CD 
and EF are lines | AB, then arc Be 
generates a zone whose altitude is DF, 
and are AC a zone whose altitude is AD. 


649. Application of limits to zones. 


Let O be the center of ACB, and MON bea Miarneter of 
the circle. Let AA’ and BB’ be LOM. 
Let C bisect AB, and draw broken line 
ACB. If AB be revolved about OM as 
axis, it generates a zone, and segments 
AC and CB generate frustums of cones. 

It is evident that the sum of the areas 
of the surfaces generated by AC and CB 
is less than the area of the zone generated by ACB. 

Assume AC and CB to be bisected at X and Y, and 
imagine the broken line AXCYB. It is evident that the 
area of the surface generated by broken line AXC YB is 
greater than that generated by ACB but is still less than 


that of the zone generated by ACB. 

If AB be successively halved, it is evident that the 
surfaces generated by the resulting broken line segments 
approaches as limit the zone generated by AB ; also, as 
the chords like AC approach the limit zero, their distance 
from center O approaches the radius of AB as limit. 


Ex. 35. Prove that the sum of the angles of a spherical hexagon is 
greater than 8, and less than 12, right angles. 


> 
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PROPOSITION XIII. THEOREM 


650. Jf an isosceles triangle be revolved about an 
axis which passes through its vertex and lies in its 
plane but does not cross the triangle, the area of the 
surface generated by its base equals the projection of 
its base on the axis, multiplied by the circumference 
of the circle whose radius 1s the altitude to its base. 


A 
eae Ny . 
B D 
N N a 
Hypothesis. In AABF, AF = BF, and EF 1 AB. 
MN lies in the plane of AABF, passing through F. 
CD is the projection of AB on MN. 
AABF is revolved about MN as axis. 
Conclusion. Area AB* = CD X 27EF. 
Proof on Fig. 1. Statements REASONS 
1. Draw EH LCD; draw AG 1 BD. 1. § 82. 
2. AB generates the lateral surface of a frus- | 2. § 599. 
tum of a cone of revolution. 
- area AB = AB X 2 xEH. 
3s AABG ~AEFH. 3. Prove it. 
» ABMS AG ; 
EF = FH and AB X HH = AG ™ EF. | 4. -Prove it. 
5. AB © 2a = AG x2 ah. 5. Why? 
Ore tAB Sol ah NCD SO 25h. 
6. ., area AB = CD X 2 cEF. Be AK 2. 


x «Ex. 36. What is the spherical excess of a triangle whose angles are 
100°, 95°, and 65°, respectively? 
‘Ex. 37. What is the spherical excess of a tri-rectangular triangle? 
Ex. 38) Prove the theorem of § 650 by use of Fig. 2. 
* Area AB denotes “ the area of the surface generated by AB.” 
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PROPOSITION XIV. THEOREM 


651. The area of a zone is equal to its altitude 
multiplied by the circumference of a great circle. 


Hypothesis. O is center of AB. AB is revolved about 


MON as axis; AA’ and BB’ | OM; r is the radius of AB. ; 
Conclusion. Area of zone generated by AB =*A’B’ & 2 cr. 


Proof: STATEMENTS REASONS 
1. Bisect AB at C; draw CC’ LOM. 1. All possible 
Draw AC, and BC. Draw OE 1 AC. a er 
10ons. 


i) 


. If the figure be revolved about MO | 2. § 650. 
then area AC = A'C’ <.2 rOE, 
and area CB = C’B’ X 270E. 

3. .. Area ACB =(A’'C’+ C’'B’) X 270E. | 3. Ax. 3. 
Or area ACB = A’B' X 270E. 

4. If the parts of AB be repeatedly halved | 4. Steps 1-3. 

and the process of Steps 1-8 be re- 
peated, the area of the surface generated 
always equals A’B’ X2m X (a Llike OE). 
5. But the surface generated —-> the zone | 5. § 649. 
AB, and OF —>r, if AB be divided 
infinitely often. 
6. .. area of zone AB = A’B’ x 2 ar. 6. § 580, b. 


652. Cor. 1.. If Z denotes the area of a zone, h tts alti- 
tude, and r the radius of the sphere, 


Z = 2 -xth. 


woe 
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653. Cor. 2. The area of a sphere equals the square of 
vis radius multiplied by 4 7. 

A sphere is a zone whose altitude equals 27. Letting 
A represent the area of the sphere, 


A=z=2ar X 2r,or A = 4 7r'. 


654. Cor.3. The area of a sphere equals the area of 
four great circles of the sphere. 


~ 655. Cor. 4. The areas of two spheres have the same 
ratio as the squares of their radw or the squares of their 
diameters. 
Ex. 39. What is the area of the zone of altitude 5 on the sphere 
of radius 10? 
Ex. 40. What is the area of a zone of one base on a sphere of 
\ radius 12 in., if the generating arc of the zone contains 60°? 
\< Ex. 41. What is the area of the sphere whose radius is 8 in.? 
‘ Ex. 42. What is the area of the sphere whose diameter is 15 in.? 
Y Ex. 43. What is the area of the sphere whose diameter is d in.? 
Ex. 44. Prove that the areas of two zones on the same sphere are 
to each other as their altitudes. 
Ex. 45. What zones of the earth are zones of one base? 
Ex. 46. What part of the surface of the earth lies between the 
equator and the parallel of latitude 30° N.? 
x Ex. 47. Compare the surface of a sphere with the lateral surface 
of the right circular cylinder circumscribed about the sphere. 
Ex. 48. Find the radius of a sphere whose surface is equal to the 
% entire surface of a cylinder of revolution, whose altitude is 12, and 
radius of base is 3. 
Ex. 49. Prove that the surface of a sphere is equal to two thirds the 
entire surface of the right circular cylinder circumscribed about it. 
Ex. 50. What is the area of the sphere, one of the great circles of 
which has an area of 18 7 sq. in.? 
Ex. 51. What is the area of the sphere whose radius is three times 
that of a second sphere, if the area of the second sphere is 20 z sq. in.? 
Ex. 52. What is the ratio of the areas of two spheres if the ratio 
of their radii is 4? 3? 2? 


Pada 
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MEASUREMENT OF SPHERICAL POLYGONS 


656. A lune is the portion of a sphere bounded by two 
semicircles of great circles ; as BEAFB. 

The angle of a lune is che angle between 
its bounding ares, as ZEAF. 


657. Two lunes on the same sphere or equal 
spheres are congruent 1f their angles are equal. 


PROPOSITION XV. THEOREM 


658. Two lunes on the same sphere or equal spheres 
have the same ratio as their angles. . 
A 


Hypothesis. ACBD and ACBE are lunes on sphere AB, 
having their 4 CAD and CAE commensurable. 
Lune ACBD _ ZCAD. 
Lune ACBE ZCAE 


Proof: STATEMENTS REASONS 


1. Let ZCAa be contained 5 times in ZCAD | 1. § 205. 
and 3 pines in ZCAE. 
‘ »ZCAD -ZCAH = 5 :3. 2. § 206. 
. Lune ACBD can be divided into 5 parts | 3. § 657. 
and lune ACBE into 8 parts, all equal. 
. lune ACBD _ 5. 
“lune ACBE 3 
zs v lune ACBD _ ZCAD. 
lune ACBE ZCAE. 


Note. The incommensurable case is given on page 451. 
Ex. 53. What figure is formed by two meridians of the earth? 


& 


Conclusion. 


4. § 206. 


5. Why? 
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659. A hemisphere may be considered a lune of angle 
180° and a sphere, a lune of angle 360°. 


660. Cor. 1. A lune is to its sphere as the measure of 
its angle in degrees is to 360. 


661. Cor. 2. If the radius of a sphere is r, and the angle 
of the lune, measured in degrees, is A, and the area of the 
lune is denoted by L,, then 


A rrA 
rE, — 2 ee 
A 3 50 x 4 T or 9 


Ex. 54. What part of a sphere is a lune of it whose angle is 45°? 
Ex. 55. What part of the sphere is a lune of it whose angleis 60°? 


Ex. 56. What is the area of a lune whose angle is 40° on the sphere 
whose radius is 15 in.? 


Ex. 57. What part of the surface of the earth is included between 
the 30th and 35th meridians? 


Ex. 58.) The area of a lune is 30. If the area of the sphere is 120, 
what is the angle of the lune? 


SYMMETRIC SPHERICAL POLYGONS 


662. Two spherical polygons, on the same or equal 
spheres, are symmetric when the sides and angles of one 
are equal, respectively, to the sides and angles of the other, 
af the equal parts occur in opposite orders. 

If spherical AABC and A’B’C’, on the same or equal spheres, 
have sides AB, BC, and CA A A' 
equal, respectively, to sides 
A’B’, B'C’, and C’A’, and AA, 
B, and C to 4A’, B’, and C’, and 
the equal parts occur in op- 
posite orders, the A are sym- C Ci 
metric. B B , 

663. Two symmetric spherical triangles, of which one is 
asosceles, are congruent, and therefore equal. 

Prove the triangles congruent by superposition. 

664. Diametrically opposite spherical triangles are two 
_ triangles whose corresponding vertices are at opposite 
ends of diameters. 
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PROPOSITION XVI. THEOREM 


665. Two diametrically opposite spherical tri- 


angles are symmetric. 


Hypothesis. AABC and A’B’C’ are so located on sphere O 
that AA’, BB’ and CC’ are diameters. 


Conclusion. AABC is symmetric to AA’B’C’.. 


Proof: STATEMENTS REASONS 
ate AB = AB’: BC = BC’ 5 AC = AC. 1. Prove it. 
a ZLABOG =ZA'B'OC’; 2. § 453. 

ZACOB =7A‘'GCOB® ete. 
Sea. ZABG =ZA'B'C' 3: ZACB=ZA'C BW Sia5 bss. 
etc. 
4. The parts of AA’B’C’ are in opposite order | 4. § 62. 
to those of AABC, for AA’B’C’ can be 
placed in the position of AABC”’ ; then, 
A’B’C’ is in counter-clockwise order and 
ABC in clockwise order. 
5. .. AABC is symmetric to AA’B’C’. 5. § 662. 


Ex. 59. If A’C’ is a quadrant, how many degrees are there in AC? 
Ex. 60. Can AA’B’C’ be made to coincide with AABC? Are 


these two triangles congruent? 
Note. In plane geometry, we might have con- 


order. These triangles also cannot be made to coin- 
cide unless one is taken out of its plane and turned 
over. 


sidered symmetric triangles. In the adjoining figure > ke 
are two symmetric plane triangles ; the correspond- " 
ing parts are equal but are arranged in reverse 

Cchicy 


4 


B’ 
NC 
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PROPOSITION XVII. THEOREM 


666. T'wo diametrically opposite spherical triangles 
are equal. 


Hypothesis. AABC and A’B’C’ are such that AOA’, BOB’, 
and COC’ are diameters of sphere O. 


Conclusion. Area of AABC = area of AA’B’C’. 


Proof: STATEMENTS REASONS 


1. Let P be the pole of the small circle | 1. § 610; 
through A, B, and C; draw great circle § 615. 
arcs, PA, PB, and PC. Draw diameter 
POP’> and> ereatcircle-ares. .P’A’.7 PB", 

: and P’C’, 

2. PA = PB, and .. APAB is isosceles. | 2. Why? 


3. APAB and AP’A’B’ are symmetric. 3. § 665. 
4, pe AD = 7st ABs 4. § 663.. 
Similarly 
BKPAC Z=IPAC. SPEC LAPS’. 
5. *. AABC =AA‘B'C’. 5 Axio: 


667. Cor. Two symmetric spherical triangles are equal. 


1. Let AXYZ be symmetric to AX’Y’Z’. Let AX” Y"Z” be 
diametrically opposite AXYZ. Then AX’ Y’Z” is symmetric to 
AX YZ and equals AX YZ. 

2. Since AX” Y"Z” and AX’Y’Z’ are both symmetric to AXYZ, 
their parts must be equal and arranged in the same order. 

us BSE ETS ~ YNOXGY Aa : 
8. Since AX” Y"Z" =AXYZ, «. also AX'Y’Z’ = AXYZ. 
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PROPOSITION XVIII. THEOREM 


668. A spherical triangle equals one half a lune 
of its sphere whose angle equals the spherical excess 
of the triangle. 


Hypothesis. ABC is any spherical A on the sphere with 
center O. EH represents the spherical excess of the triangle. 
Conclusion. AABC = one half a lune whose angle is E. 
Proof: STATEMENTS REASONS 
1. Complete © ABA’B’, ACA’C’, BCB’C’, 1: $614. 
and draw diameters AA’, BB’, and CC’. 


2. AABC + AACB’ = lune of ZB. 2s Axa: 
3. AABC +AA’CB = lune of ZA. Shee 7: 
4. AABC +AAC’B = lune of ZC. A Ax. T. 
5. But AAC’B =LA'CB’. 5. § 666. 
6. “. AABC +AA’CB’ = lune of ZC. G. Ase 
7>From Steps 2, 3, and 6; 2 AABC+ | 7. Ax.3.' 


(AABC + AACB’ + AA’CB + AA'CB’) 
=luneof ZA+ luneof 2 B+ lune of ZC. 

8. AABC+AACB’+AA’'CB+AA'CB’ 8. Ax. 7. 
= lune 180°. 

9... 2 AABC = lune ZA + lune ZB + | 9. Ax. 2. 
lune ZC — lune 180°. 


io. .«. 2 AABC = lune of 10. See 
(ZA +ZB +2ZC — 180°). note. 
11. .. AABC = 1 lune of ZE. 11. § 646. 


Note. A lune of ZA +a lune of 2B =a lune of Z(A +B). 
Similarly a lune of ZA — a lune of ZB = a lune of Z(A — B). 


& 
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669. Cor. 1. If the radius of a sphere is r and the spheri- 
cal excess of AABC in degrees is E, then, by § 668 and § 661, 


area of AABC = 41, = Lah _ wh 


670. Cor. 2. The area of any spherical polygon whose 
: - are 
excess is E is ~~. 
180 
If the polygon be divided into triangles by drawing diagonals from 
one vertex, the excess of the polygon equals the sum of the excesses 
of the triangles. Express the area of each triangle. 


Ex. 61. Determine the area of the spherical triangle whose angles 
are 125°, 130°, and 105°, on a sphere whose radius is 10 in. 


Suggestion. What is the excess of the A? (§ 646.) 

Ex. 62. What is the ratio of the areas of two spherical triangles 
X on the same sphere, whose angles are 95°, 135°, and 140°, and 85°, 
105°, and 120°, respectively ?- 

Ex. 63. Determine the area of the spherical triangle whose angles 
are 103°, 112°, and 125°, on the sphere whose radius is 12 in. 

Ex. 64. What is the area of the spherical hexagon whose angles are 
120°, 140°, 148°, 155°, 162°, and 165° on the sphere whose radius is 
15 in.? 

Suggestion. What is the excess of a polygon? (§ 646.) 

" Ex. 65. The sides of a spherical triangle on the sphere whose radius 
is 15 in. are 40°, 65°, and 95°. Find the area of its polar triangle. 
Ex. 66. Determine the part of the sphere intercepted by a triedral 
angle whose diedral angles are 85°, 55°, and 100°. 


Ex. 67. What is the area of the spherical pentagon whose angles 
are 112°, 182°, 138°, 168°, and 150°, if the radius of the sphere is 20 in.? 


Ex. 68. What part of the sphere is a trirectangular triangle? 


Ex. 69. Compare the area of a trirectangular triangle of a sphere 
% of radius 10 in. with the area of the plane triangle formed by the 
chords of the spherical triangle. 


*~ Ex. 70. A spherical degree is a birectangular spherical triangle 
whose third angle is 1°. What part of the sphere is included by it? 


Ex. 71. What is the area of the birectangular spherical triangle 
whose third angle is 15°, on the sphere of area 66 sq. in.? 
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4.40 Solid Geometry 
VOLUME OF A SPHERE 


671. Ifasemicircle be revolved about its diameter as an 
axis, the solid generated by any sector of the semicircle 
is called a spherical 
sector. 

If semicircle ADB in 
Fig. 1 be revolved about 
AB as axis, sector OCD 


generates a spherical sec- 
tor. 


The zone generated 
by the arc of the circular sector is called the base of the 
spherical sector ; as zone XW, in Fig. 2. 


Note. “Vol. OCD” will denote the volume of the solid generated 
by revolving the portion of the plane within OCD around some axis. 


672. Application of limits to spherical sectors. Let O be 
the center of are AB, and MON be a diameter of the circle 
whose center is O. Let C bisect AB and 
draw radii OA, OB, and OC. Draw OF L 
AC, and broken line ACB. 

If sector OAB be revolved about MON 
as axis, it generates a spherical sector. The 5 
portion of the plane bounded by polygon 
OACB generates a solid which is less than 
the spherical sector generated by circular sector OAB. 

Let ares AC and CB be bisected at D and F respectively, 
and broken line ADCFB be drawn. When the figure is 
revolved about MON, the part of the plane bounded by 
the polygon OADCFB generates a solid more nearly equal 
to the spherical sector. If the process of halving the arcs 
be continued indefinitely, it is evident that the solid 
generated by the part of the plane bounded by the polygon 
OA «+. C -+- B approaches the spherical sector as limit. 

The surface generated by broken line A-:-C +.B 
approaches as limit the zone generated by the are ACB. 


5 
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PROPOSITION XIX. THEOREM 


673. If an isosceles triangle (and the surface in- 
closed by it) be revolved about a straight line in its 
plane which passes through its vertex but does not 
cross the interior of the triangle, the volume of the 
solid generated equals the area of the surface generated 
by its base multiplied by one third tts altitude. 


Hypothesis. Isosceles AOAB and its interior are revolved 
about OF which lies in its plane. OC L AB. 


Conclusion. Vol. OAB* = area AB xi OC. 
Proof: STATEMENTS REASONS 


1. Draw AD LOF and BE LOF; let AB} 1. § 82. 
meet OF at F. 
2 Vol. OBF = vol. OBE + vol. BEF. Ae 


3. .. vol. OBF =47BE” xX OF +42BE’ | 3. § 595. 
xX EF. 
4, . vol. OBF = 47BE°(OE + EF). 4. Why? 
5. .«. vol. OBF =4a7BE X BE X OF. 5. Ax. 7. 
6. ABEF ~AOCF ; ‘6. Prove _ it, 
=BE X OP =0C xcBF. using § 286. 


Wo VOU! = 4 er Bie OC xX BE. 7. Why? 

8. « X BE X< BF = area generated by FB. | 8. § 592. 

9. . vol. OBF =10C X area BF. 9. Ax. 2. 
Similarly vol. OAF = 10C x area AF. 

10. .. vol. OAB=i0C (area BF —area AF). |10. Ax. 4. 

11... «. vol. OAB =+40C X area AB. i par. 5 aap 


* See Note § 671, and Foot-note, p. 431. 
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PROPOSITION XX. THEOREM 
674. The volume of a spherical sector is equal to 
the area of the zone which forms its base, multiplied 
by one third the radius of the sphere. 


Hypothesis. Sector OAB of ©O is revolved about diameter 
MON as an axis; r is the radius of the sphere. 

Conclusion. Vol. of the spherical sector generated by 
circular sector OAB = area of zone generated by AB X 3r. 


Proof: STATEMENTS REASONS 


1. Let C bisect AB. Draw AC, CB, OC, and | 1. § 82. 
OE LAC. 
Vol. OAC = 10E X area AC. 2. § 673. 
Vol. OCB =i0OE xX area CB. 3. Why? 
.. vol. OACB =10E (area AC + areaCGB).|4. Ax. 3. 
.. vol. OACB =10E X area ACB. 5. Ax. 7. 


Repeatedly bisect the subdivisions of ACB. |6. § 672. 
Then vol. OA --C--B —+ vol. generated 
by sector OAB; area A --C --B —~> area of 
zone generated by are AB; and OF —~>r. 
7. .. vol. generated by sector OAB = area of |7. § 530: 


zone generated by AB x £r. pig 


a ahen 


675. Cor. 1. The volume of a sphere equals 4 its radius 
multiplied by its area;~or, if the radius is r, and volume 
is V, 

V = 40r'. 
For the sphere is a sector whose base is the surface of the sphere. 
“ V=hr X 4a, or V = 4a, 


. 
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676. Cor. 2. If V denotes the volume of a spherical sector, 

h the altitude of the zone which forms its base, and r the radius 
of the sphere, 

V =2arh XtrorV = 2rrh. § 652 


677. Cor. 3. The volumes of two spheres have the same 
ratio as the cubes of their radii. 


Ex. 72. Find the volume of the sphere whose radius is 9 in. 

Ex, 73. Determine the volume of the metal in a spherical shell 
12 in. in diameter and 1 in. thick. 

Ex. 74. A spherical ball 9 in. in diameter is lowered into a cubical 
box filled with water, whose depth is 9in. How many cubic inches of 
water will be left in the box? 


Ex. 75. If a sphere 6 in. in diameter weights 351 0z., what is the 


\ weight of a sphere of the same material whose diameter is 8 in.? 


/ 


Vv 


Ex. 76. The outer diameter of a spherical shell is 10 in., and its 
thickness is lin. What is the weight, if a cubic inch of the metal 
weights one third pound? 

Ex. 77. Find the area of the surface and the volume of the sphere 
inscribed in a cube whose edge is 8 in. 

Ex. 78. Find the radius and the volume of a sphere, the area of 
whose surface is 256 7 sq. in. 

Ex. 79.\ Prove that the volume of a sphere is two thirds the volume 
of its circumscribed cylinder. 

Ex. 80. Within a sphere of radius r is inscribed a right circular 


x cylinder whose altitude equals the diameter of its base. Compare its 


lateral area and volume with the area and volume of the sphere. 

Ex. 81. Given a spherical surface of radius r and its circumscribed 
right circular cylinder. From the center of the sphere, draw lines to 
the points of the circles bounding the bases of the cylinder, thus 
forming two right circular cones. Compare the volume of the sphere 
with the difference between the volume of the cylinder and the sum 
of the volumes of the two cones. 

Ex. 82. A cylindrical vessel, 8 in. in diameter, is filled with water. 
A ball is immersed in it, displacing water to the depth of 21in. Find 
the diameter of the ball. 

Ex. 83. What is the volume of the cube inscribed in a sphere of 
radius r? 

Note. Supplementary Exercises 103-114, pp. 465-6, can be studied 
now. 
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OPTIONAL TOPICS 


Topic A. General Theorems of Spherical Geometry. 
Topic B. Incommensurable Case of § 658. 

Topic C. Spherical Segments, Pyramids, and Wedges. 
Topic D. The shortest arc between two points. 


Toric A 
GENERAL THEOREMS OF SPHERICAL GEOMETRY 
PROPOSITION XXI. THEOREM 


678. If two spherical triangles on the same sphere, 
or equal spheres, have two sides and the included angle 
of one equal respectively to two sides and the included 
angle of the other: 

I. They are congruent if the equal parts occur in 
the same order. 

II. They are symmetric if the equal parts occur 
in opposite orders. 


A D D' 


B G. E F F' det 

I. Hypothesis. AABC and ADEF are spherical A on the 
same sphere, or equal spheres, having AB = DE, AC & DF, 
and ZA = 2D; and the equal parts occur in the same order. 

Conclusion. AABC = DEF, 

Plan. Prove it by superposition as in § 62. 


Ex. 84. Prove that the are of a great circle bisecting the vertex 


angle of an isosceles spherical triangle is perpendicular to the base 
and bisects the base. 


Ex. 85. If a great circle is perpendicular to and bisects a great 
circle are, any point on it is equidistant from the ends of that arc. 


% 
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II. Hypothesis. ABC and D’E’F’ are spherical A on the 
same sphere, or equal spheres, having AB’ = DE’, AC = DF, 
and ZA = 2D’; and the equal parts occur in opposite orders. 

Conclusion. AABC and D’E’F’ are symmetric. 

Proof. 1. Let ADEF bea spherical A on the same sphere, 
or an equal sphere, symmetric to AD’E’F’, having 

DE = D'E’, DF = D’F’, and ZD = ZD’, 
the equal parts occurring in opposite orders. 

2: Then in spherical AABC and DEF, 

AB = DE, AC = DF, and ZA = ZD; 
and the equal parts occur in the same order. 
3s SABC SADEPF, 

4, .. AABC is symmetric to AD’E’F’, 


PROPOSITION XXII. THEOREM 


679. If two spherical triangles on the same sphere, 
or on equal spheres, have a side and two adjacent 
angles of one equal respectiwely to a side and two 
adjacent angles of the other: 

I. They are congruent if the equal parts occur in 
the same order. ‘ 

II. They are symmetric if the equal parts occur 
in opposite orders. 


Part I. Prove it by superposition. 
Part II. Model the proof after Part II of § 678. 


Ex. 86. Prove that the angles opposite the equal sides of an isos- 
celes spherical triangle are equal. 

Ex. 87. If great circle arcs, bisecting the base angles of an isosceles 
spherical triangle, are terminated by the opposite sides, these arcs 
are equal. 

Ex. 88. If great circle ares are drawn from the ends of the base 

.of an isosceles spherical triangle to the mid points of the opposite 
sides, they are equal. 
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PROPOSITION XXIII. THEOREM 


680. If two spherical triangles on the same sphere, 
or on equal spheres, are mutually equilateral, they 
are mutually equiangular. 


A \D 
\ \ 
\ \ 
\ \ 
\ E \ 
‘ \ 
~ es, O i fas 
C F 


Hypothesis. AABC and ADEF are mutually equilateral 
spherical A on equal spheres O and O’. A, B, and correspond 
to D, E, and F. 

Conclusion. AABC and ADEF are mutually equiangular. 


Plan. 1. Draw the radii to A, B, C, D, E, and F. 

2. Compare the face 4 of triedral 4O—-ABC and O’—DEF. 
3. Compare the diedral 4 of O-ABC and O’—-DEF § 477. 
4. Compare 4A and D, 4Band E, and AC and F § 634. 


681. Cor. If two spherical triangles on the same sphere, 
or on equal spheres, are mutually equilateral: 

I. They are congruent rf the equal parts occur in the 
same order. 

II. They are symmetric if the equal parts occur in opposite 
orders. \ 

Part I can be proved by superposition. 

Part II follows at once from § 680 and § 662. 


Ex. 89. Prove that the are of a great circle drawn from the vertex 
of an isosceles spherical triangle to the middle point of the base is 
perpendicular to the base, and bisects the vertex angle. 


Ex. 90. Prove that the angle between the arcs of two great circles 
can be bisected. 


Ex. 91. Prove that two points which are equidistant from the ends 
of an arc of a great circle, which is not a semicircle, determine an are 
of a great circle which is perpendicular to and bisects the given arc. 


& 
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682. If two spherical triangles on the same sphere, 
or on equal spheres, are mutually equiangular, they 
are mutually equilateral. 


B’ Cc E" F" 
Hypothesis. AABC and ADEF are mutually equiangular 


spherical A on the same sphere or equal spheres. 
Conclusion. AABC and ADEF are mutually equilateral. 


Proof: STATEMENTS REASONS 


1. Let AA’B’C’ be the polar A of AABC, /1. § 642. 
and AD’E’F’ be the polar A of ADEF. 
2. + AABC is the polar’ of AA‘B’C’ and|2.-¢§ 643. 
ADEF of AD'E'F’. 
3. B'C'+ ZA = 180°; and £’F’+ ZD = 180°.|3. § 644. 
- BC’ =E'F". Also AB’ =D'E’; etc. |4. Why? 
- ZA'=ZD', ZB’ = ZE',and ZC' =ZF"'.|6. § 680. 
6 
7 


BC +2 A’ =180°, and EF +ZD’=180°. |6. Why? 
-. B6 =.EF. Also AC = DF; ete. . Why? 


ge ee at 


683. Cor. If-two spherical triangles on the same sphere 
or on equal spheres are mutually equiangular : 

I. They are congruent if the equal parts are arranged in 
the same order. (Proved by § 682, and § 678.) 

II. They are symmetric if the equal parts are arranged in 
opposite orders. (Proved by Hyp., § 682, and § 662.) 


Ex. 92. Are two planes triangles necessarily mutually equilateral 
when they are mutually equiangular? 
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PROPOSITION XXV. THEOREM 


684. If two angles of a spherical triangle are equal, 
the sides opposite are equal. 


Hypothesis. In spherical AABC, 2B = ZC. 
Conclusion. AB te AC, 
Proof: STATEMENTS __ REASONS 


1. Let AA’B’C’ be the polar A of AABC. | 1. § 643. 
Then also AABC is the polar A of 


INALB Ge 
2. A'C’+ZB = 180° and A’B’ +ZC = 180°. | 2. Why? 
3. » A'C’ = AB’. 3. Why? 
4, Lie} a OP 4. Ex. 86, 
ee = p. 445. 
5. ZB’+ AC = 180° and ZC’+ AB = 180°. | 5. Why? 
6. WA GronA By 6. Why? 


Ex. 93. Prove that a point of a sphere which is equidistant from 
the ends of a great circle arc, lies on the second great circle arc, per- 
pendicular to and bisecting the first one. 


J Ex. 94. What is the locus of points on a sphere which are equidis- 
tant from the extremities of an are of a great circle of that sphere, 
if that arc is not a semicircle? ~ 


Ex. 95. Prove that the great circle arcs perpendicular to and 
bisecting the sides of a spherical triangle intersect in a point which is 
equidistant from the vertices of the triangle. 


Ex. 96. On a sphere, an are can be constructed making a given 
angle with a given arc at a point of the arc. 


Ex. 97. On a sphere, an arc of a great circle can be drawn from a 
point, perpendicular to a given great circle arc. 
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PROPOSITION XXVI. THEOREM 


685. If two angles of a spherical triangle are 
unequal, the sides opposite them are unequal, the side 
opposite the greater angle being the greater. 


Hypothesis. In spherical AABC, ZABC > ZC. 
Conclusion. AC > AB. 


Plan. Let BD be a great © arc, meeting AC at D, and 
making ZCBD= ZC. (Ex. 96, p. 448.) 


Then prove: BD = CD; AD a BD >AB. 
Substitute DC for BD. 


PROPOSITION XXVII. THEOREM 
686. If two sides of a spherical triangle are un- 
equal, the angles opposite are unequal, the angle 
opposite the greater side being the greater. 
Hypothesis. AB < AC, in spherical AABC. 


Conclusion. JB O<e Yed By 
Proof: STATEMENTS REASONS 
st If ZC =ZB; then AB = AC. 1. Why? 
2. But AB < AC. 2. Why? 
r7G-is Not. = 10 2- 3. § 93. 
If ZC > ZB, then AB > AC. 4. Why? 
But AB < AC. 5. Why? 
eZ Cus mot > 28. 6. Why? 

eeiL Gres Bb. 


re eet ece 
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PROPOSITION XXVIII. THEOREM 


687. The intersection of two spheres is a circle, 
whose center is in a straight line joining the centers 
of the spheres and whose plane 1s perpendicular to 


rk 
7 


B 
Hypothesis. O and O’ are the centers of two intersecting 
spheres. - 


Conclusion. Spheres O and O’ intersect in a© whose center 
is on OO’, and whose plane is | OO’. 


Proof : STATEMENTS REASONS 


1. Pass a plane through O, O’, and any point | 1. § 610. 
A of the intersection. This plane inter- 
sects the spheres in two intersecting great 
circles. Let AB be the common chord of 
the circles, intersecting OO’ at C. 

2... OO’ | AB and OO’ bisects AB. 2. § 235. 

3. Revolve the circles about OO’ as axis; | 3. § 618. 
they generate their respective spheres, 
and A describes a curve on each sphere. 

4. As A revolves, AC, and .. A, always is in | 4. § 422. 
the plane | OO’ at C. 

5. Atall positions of A, its distance from C is | 5. § 16. 
AC... A describes a circle. 

6. No point outside © ACB can lie in both | 6. § 631. 
surfaces ; for, if there were such a point, 
the two surfaces would necessarily coin- 
cide. 

7. .. the intersection of the spheres isa@. | 7. § 412. 


ae = & 
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OPTIONAL ToPIC B 


688. The incommensurable case of § 658. 

Two lunes on the same sphere or equal spheres 
have the same ratio as their angles, when the angles 
are commensurable. 


Hypothesis. Lunes ABA’C and ADA’E on sphere O, have 
ZBAC incommensurable with ZDAE. 

Lune ABA'C _ ZBAC 

Lune ADA'/E- ZDAE™ 


Proof: STATEMENTS REASONS 


1. Divide Z BAC into any number of equal 
parts, and apply one to Z DAE as unit of 
measure. Since ZDAE and ZBAC are 
incommensurable, this unit will not be 
contained exactly in Z DAE. 

2. Suppose the unit is contained exactly in 
ZDAX, and that ZXAE < the unit: 
Then lune ABA'C _ ZBAC | 

lune ADA’/X ZDAX 

3. Now let the number of subdivisions of 
ZBAC be increased infinitely. The 
length of the unit —~ 0. 

4. Since ZXAE < the unit, 2XAHE —~> 0, 
ZDAX —> ZDAE, and lune ADA’X 
—> lune ADA’E. 

ae . lune ABA’C _ ZBAC. 
he) Jone ADA'E 2 ZDAE 


Conclusion. 
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OPTIONAL TOPIC C 


SPHERICAL SEGMENTS, PYRAMIDS, AND WEDGES 


689. A spherical segment is the portion of the interior 
of a sphere included between two parallel planes which 
intersect the sphere. 

The portions of the planes bounding the segment are the 
bases of the segment ; the perpendicular between the 
planes is the altetude of the segment. 

A spherical segment of one base is the spherical segment 
one of whose baunding planes is tangent 
to the sphere. 

Ifa semicircle ACEB be revolved about 
diameter AB as an axis, and CD and EF 
are perpendicular to AB, the portion of 
the plane bounded by FECD generates a 
spherical segment whose altitude is DF, 
and whose bases have radii CD and EF 
respectively ; the portion ACD generates a spherical seg- 
ment of one base whose altitude is AD. 


690. Ifrandr’ are the radi of the bases, h the altitude, and 
v the volume of a spherical segment, then 


v=1rh{[3(r? +r?) + hh} 
M 


Let O be the center of ADB ; let AA’ and BB’ be L to the 
diameter OM ; let AA’ = 7’, BB’ =7, A’B’ =h. Let 
the whole figure revolve about OM as an axis. 


Solution. 1. Draw OA, OB, and AB ; draw OC 1 AB, 
and AE | BB’. Let OA = R. . 


% 
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2. Now, vol. ADBB’A’' = vol. ACBD + vol. ABB’A’. 
3. Also, vol. ACBD = vol. OADB — vol. OAB. 

4, vol. OADB = 2 Rh. § 676 
5. And, vol. OAB = area AB X 10C § 673 
: =hX270C Xi0C_ § 650 
8 


= 270Ch. 
F . vol. ACDB = 27R%h — 27O0Ch 
9. = 27(R? — OC’Yh. 
10. But, R= 08 =AC Why? 
LY: = (4 AB)? 
2 = } AR’, 
13 vol. ACDB = 2” X1AB’Xh=1cABh 
14. Now, AB’ = BE’ + AE’ 
15. =(r — 7’)? + h?. 
16. .. vol. ACDB = 4x[(r — 1’)? + heh. 


17. Also, vol. ABB’A’ =inr(r? +72 + rr’)h.  § 600 
18. Substituting in step 2, vol. ADBB’A’ 
=tr[(7 —7r +h +4n(2r4+2r? 4+ 2rr jh 
19. =t4a(r? —2rr’ +r? 4 he +2r4+27r?%+4+ 2rr'\h 
20. =Aahi8r?° +372 + ht. 
Ex. 98. Find the volume of a spherical segment, the radii of whose 
bases are 4 and 5, and whose altitude is 9. 
Ex. 99. A hemisphere is a segment of one base whose altitude 
h =r. Find the volume of the hemisphere by substituting r for h 
and letting r’ = 0. 
Ex. 100. In a sphere of radius 10 in., a plane is passed parallel to 
the “‘ equator,’’ and 5in. from the center. Find the volume of the 
spherical segment between this plane and the plane of the equator. 


691. A spherical wedge is a solid bounded by a lune and 
the planes of its bounding arcs. 

Evidently, two spherical wedges in the same sphere, or 
equal spheres, are congruent when their angles are equal. 

Also, it is evident that two wedges in the same sphere can 
be added by placing them so that they have one common 
- bounding plane. The angle of the sum is equal to the sum 
of the angles of the wedges. 
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692. It can be proved as in § 658 that two wedges have 
the same ratio as their angles. 


693. A sphere may be regarded as a wedge whose angle 
is 360°. (Cf. § 659.) 

In a sphere whose radius is r, a wedge whose angle 
contains A degrees has a volume v determined as follows: 


v A rrA 

—S SS ——= — 675 

<a* 360°, | 270 S 
694. The area of the lune whose angle is A degrees, 

on a sphere whose radius is 7, is mA § 661 


90 


”. the volume of a wedge equals one third the radius of the 
sphere multiplied by the area of the lune which forms its base. 


695. A spherical pyramid is a solid bounded by the 
surface inclosed by a spherical polygon 
and the planes of its sides ; as O-ABCD 
in the adjoining figure. 

The center of the sphere is the vertex of 
the pyramid, and the spherical polygon 
is its base. 

Two spherical pyramids are congruent 
when their bases are congruent, for they can be made to 
coincide. 


696. Two spherical pyramids whose bases are symmetrical 
isosceles spherical triangles are congruent, for their bases are 
congruent by § 663. 


697. Two spherical pyramids corre- A 
sponding to a pair of vertical triedral ; 
angles are equal. (Cf. § 666.) he 6 

Suggestions. 1. Recall the proof of §665. Bk sera B’ 

2. Compare spherical pyramids O-A PB, NE hi) 
O-BPC, and O-CPA with spherical pyramids 
O-A'P’B', O-B’'P'C’, and O-C’P’'A’, respec- jos 
tively, using § 696. A’ 
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698. The volume of a triangular spherical pyramid equals 
one half the volume of a spherical wedge whose angle is the 
spherical excess of the base of the pyramid. 

The proof is exactly like that for § 668. 


699. If the radius of the sphere is r and the excess of the 
base of a triangular spherical pyramid is E, and the volume 
of the spherical pyramid is v, then 

— lar?-E Py ereky 
Zee 20 540 

700. The same formula may be employed to find the 
volume of any spherical pyramid, with the understanding 
that H.is the spherical excess of the base of the pyramid, 
measured in degrees. 


§ 693 


701. In the case of any spherical pyramid, the area of 


the base is a (§ 670). Hence the volume of any 


spherical pyramid is one third the area of its base multi- 
plied by the radius of the sphere. 


Ex. 101. Find the volume of a triangular spherical pyramid the 
angles of whose base are 92°, 119°, and 134°, if the volume of the sphere 
is 192. 

Ex. 102. Find the volume of a quadrangular spherical pyramid, the 
angles of whose base are 107°, 118°, 134°, and 146°, if the diameter of 
the sphere is 12. 

Ex. 103. The volume of a triangular spherical pyramid, the angles 
of whose base are 105°, 126°, and 147°, is 604. What is the volume of 
the sphere? 

Ex. 104. Find the volume of a pentagonal spherical pyramid the 
angles of whose base are 109°, 128°, 137°, 153°, and 158°, on the sphere 
of radius 12 in. 

Ex. 105. Find the volume of a quadrangular spherical pyramid, 
the angles of whose base are 110°, 122°, 185°, and 146° on the sphere 
whose radius is 10 in. 

Ex. 106. What is the angle of the base of a spherical wedge whose 
volume is 42 7, if the radius of the sphere is 4? 

\~ Ex. 107. What is the volume of the spherical pyramid whose base 
isa trirectangular triangle in a sphere of radius r? 
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OPTIONAL Topic D 
PROPOSITION XXIX. THEOREM 


702. The shortest line on the surface of a sphere 
between two given points is the arc of the great circle, 
not greater than a semicircle which joins the two 
points. 


Hypothesis. Points A and B are on the surface of a sphere, 
and AB is an arc of a great ©, not greater than a semicircle. 


Conclusion. AB is the shortest line on the surface of the 
sphere between A and B. 


Proof: 1. Let C be any point on AB. Through C, draw 
small circles DCF and ECG, having A and B, respectively as 
poles. 

2. Let F be any point on ©DCF except C, and AF and BF 
be arcs of great circles. 


Then AF = AC, and AF + BF > AC + CB. 
.. BF > BC, or BF > BG, and F lies outside © ECG. 


“. every point of DCF except C lies outs de OHCG. 

3. Let ADEB be any curve joining A and B, but not through 
C, cutting ODCF at D and ©ECG at E. 

4. Let curve AD be revolved about A until D coincides with 
C; then there is a line from A to C equalto AD. Similarly 
a line can be secured from B to C equal to BE. Hence there 
is a line from A to B, through C, which equals AD + EB. 
But this line is less than ADEB by the amount DE. 

5. .. any line from A to B, not through C, is longer than a 
line from A to B through C. 

6. But C was any point on AB. Hence any line from A to B 
other than AB is longer than AB. 


~ ie 
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Ex. 1. If a plane contains a diagonal of a parallelogram, the 
perpendiculars to it from the extremities of the other diagonal are 


equal. 
Hyp. ABCD isa ZF. 
BG and DH 1 plane AECF. 
Con. BGT DH: 


Ex. 2. If three or more planes intersect in pairs, their lines of inter- 
section are either parallel or concurrent. 


Plan. Case 1. Assume that two lines of intersection meet at P, 
and prove that P must lie in the third line of intersection. 

Case 2. Assume that two lines of intersection are parallel, and 
prove that the third line of intersection must be parallel to them by 
the indirect method of proof. 


Ex. 3. Prove that there is, in general, one straight line through a 
given point which will intersect each of two given skew straight 
lines. 

Plan. Let the second line cut the plane determined by the first 
line and the point. Draw the line from the foot of the second line 
through the given point. 

Ex. 4. Prove that, in general, a straight line can be drawn which 
will intersect each of three given straight lines, each of which is skew 
to each of the others. 

Plan. Pass a plane through the first line, cutting the other two 
lines. Draw a line through the feet of the second and third lines. 


Ex. 5. Prove that a line can be drawn perpendicular to each of two 
parallel lines, and intersecting a third line which is not parallel to 
them. 

. 6. Prove that, in general, a straight line can be drawn so as to 
| eet each of two given straight lines and be parallel to the third, 
if the lines are skew each to each. 

Plan. Pass a plane through one line parallel to the third, and cut- 
ting the second. Through the foot of the second, draw a line parallel 
to the third. 


Ex. 7. If a plane, parallel to the edge of a diedral angle, intersects 
the faces of the angle, its intersections with the faces are parallel to 
the edge of the angle and to each other. 

| Ex. 8. Prove that all lines which intersect a given straight line 
and are also parallel to a second straight line lie in a plane containing 
the first line. (See § 431.) 


a 
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Ex. 9. Prove that a line parallel to each of two intersecting planes 
is parallel to their intersection. 


Plan. Pass a plane through the line and parallel to one of the given 
planes. 


Ex. 10. If each of two intersecting planes is cut by two parallel 
planes which are themselves not parallel to the intersection of the 
given planes, the angles formed in the parallel planes are equal. : 

Ex. 11. (a) Prove that a straight line can be drawn intersecting 
each of two skew straight lines and parallel to a given plane, which 
does not contain either of the lines. 

(b) How many such lines can be drawn? 

Plan. Pass a plane parallel to the given plane, cutting the two 
given straight lines. 


* Ex. 12. D is any point in perpendicular AF from A to side BC 
of AABC. If line DE be drawn perpendicular to the plane ABC, 
and line GH be drawn through EF parallel to BC, thén line AEF is 
perpendicular to GH. 


Suggestion. Prove BC | plane AED, and then proveGH | AED. 
° Ex. 13. In one face of a diedral angle a line AV is drawn inter- 
secting the edge at V. Prove that a line BV can be drawn in the other 
face so that the Z AVB is a right angle. 
Plan. Through V, pass a plane | AV. 


e Ex. 14. Prove that a plane can be passed through the four faces 
of a tetraedral angle so that the intersections with the faces is a 
parallelogram. 


Plan. One pair of opposite faces intersects in a line through the 
vertex; the other pair does also, giving two lines through the vertex. 
Pass a plane, cutting the faces of the tetraedral angle, parallel to pack 
of these lines. 


Ex. 15. The sum of the perpendiculars to a plane from the vertices 
of a triangle which lies outside the plane equals three times the per- 
' pendicular to the plane from the center of gravity of the triangle. 

Ex. 16. If a line segment is not parallel to a plane, it is longer 
than its projection on the plane. 

Ex. 17. If the projection of AB on a plane is 6 in. long, and AB 
is 12 in. long, what is the inclination of AB to the plane? 

Ex. 18. What isthe length of the projection on a plane of a seg- 
ment 42 in. long if the inclination of it to the plane is 60°? 30°? 45°? 

Ex. 19. If two segments drawn to a plane from an outside point 
make equal angles with the plane, they are equal. 


* 
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Ex. 20. Given a circle which lies in a plane parallel to a given plane. 
Prove that its projection on the plane is a circle equal to the given 
circle. 

Ex. 21. An equilateral triangle AABC, whose area is 75 Sqn 
__has its base AB parallel to a plane PQ. The plane of ABC makes an 
Aangle of 45° with the plane PQ. Find the area of the projection of 

AABC on plane PQ. 

Ex. 22. The base of rectangle ABCD is 20 in. and its altitude is 
12 in. The side of length 20 in. is parallel to a plane QR. The side 
of length 12 in. makes an angle of 60° with the plane QR. Find the 

_ area of the projection of ABCD on the plane QR. 

Ex. 23. If the opposite face angles of a tetraedral angle are equal, 
then the opposite diedral angles also are equal. 

Ex. 24. Prove that the sum of the squares of the four diagonals 
of a parallelepiped is equal to the sum of the 
squares of its twelve edges. 

Suggestion. Use § 311, and § 312 in & DGEB, 
ADHE, and GFBC. 

Ex. 25. Find the lateral area of a right tri- 
angular prism each side of whose base is 5 and 

whose altitude is 8. 
x Ex. 26. Determine the approximate area of the base of a bin 6 ft. 
‘deep that will hold 250 bu. of grain. (One bu. = 2150.42 cu. in.) 
7 Ex. 27. Find the edge of a cube equal to a rectangular paral- 
\ lelepiped whose dimensions are 9 in., 1 ft. 9 in., and 4 ft. 1 in. 

Ex. 28. Find the volume of a rectangular parallelepiped, the 

a dimensions of whose base are 14 and 9, and the area of whose entire 
surface is 620. 

‘é Ex. 29. The diagonal of a cube is 8V3. Find its volume, and 
the area of its entire surface. 

Suggestion. Represent the length of the edge by zx. 

Ex. 30. Find the area of the entire surface of a rectangular 
parallelepiped, the dimensions of whose base are 11 and 13, and 
volume 858. 

Ex. 31. A trench is 124 ft. long, 21 ft. deep, 6 ft. wide at the top, 

x and 5 ft. wide at the bottom. How many cubic feet of water will 
it contain? 

Ex. 32. Prove that the volume of any oblique prism is equal 
~to the product of the area of a right section by the length of a lateral 

edge. 
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Ex. 33. Prove that the volume of a right prism, having its base 
inclosed by a regular polygon, equals its lateral area multiplied by 
one half the apothem of the base. 

Ex. 34.. The volume of a right prism is 2310, and its base is 
/inclosed by a right triangle whose legs are 20 and 21, respectively. 
Find its lateral area. 

~———_ Ex. 35. - What is the volume of the right prism, the sides of whose 
base are 13, 14, and 15, and whose altitude is 20? 
Ex. 36. A plane is passed parallel to and 5 in. from the base of a 
" square pyramid whose base edge is 4 in. and whose altitude is 20 in. 
What is the area of the section parallel to the base? 

f) Ex. 37. The altitude of a pyramid is 20 in., and its base is in- 
‘closed by a rectangle whose dimensions are 10 in. and 15 in., respec- 
tively. What is the distance from the vertex of a section parallel to 
the base, whose area is 54 sq. in.? 

Ex. 38. At what distance from the vertex must a plane parallel 
to the base be drawn so that the area of the section will be one half 
the base? 

Ex. 39. In Ex. 38 replace the fraction + by the fraction 1 and 
solve the resulting exercise. 

Ex. 40. In Ex. 38 replace the fraction + by the fraction 2 and 
solve the resulting exercise. 

Ex. 41. Prove that the volume of a regular pyramid is equal to 
its lateral area, multiplied by one third the distance from the center 
of its base to any lateral face. 

Suggestion. 1. Pass planes through the lateral edges and the center 
‘of the base. 

2.. Prove that the center of the base is equidistant from the lateral 
faces. 

Ex. 42. Find the lateral edge, lateral area, and volume of a 
frustum of a regular quadrangular pyramid, 
the sides of whose bases are 20 and 10, respec- 
tively, and whose altitude is 12. 

Suggestion. Let ABB’A’ be a lateral face 
of the frustum, and O and O’ the centers 
of the bases; draw OC LAB, O’C’ 1 A'B’, 
C’D LOC, and A’E 1 AB; also lines OO’ and 
CGE 

x Ex; 43. A pyramid whose base is inclosed by a regular hexagon 
of side 5in. and whose altitude is 25 in. is cut by a plane, parallel 
to its base and 5in. from the base. What is the volume of the 
frustum formed? 
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Ex. 44, Find the volume of the rectangular prismatoid the sides 
of whose bases are 10 and 7, and 6 and 5, respectively, and whose 
altitude is 9. 

Ex. 45. The volume of a triangular prism is equal to a lateral 
face, multiplied by one half its perpendicular distance from any point 
in the opposite lateral edge. 

Suggestion. Draw art. section of the prism, and apply § 543. 

Ex. 46. Prove that the perpendicular drawn to the lower base 
of a truncated right triangular prism from the 
intersection of the medians of the upper base, 
is equal to one third the sum of the lateral p 
edges. 

Suggestion. Let P be the mid-point of DL, 
and draw PQ | ABC; express LM in terms of *S= 
PQ and GN. 

Ex. 47. Prove that the sum of two op- 
posite lateral edges of a truncated parallelepiped is equal to the 
sum of the other two lateral edges. 

Suggestions. 1. What kind of figure is 
AA’'C'C? A 

2. Compare AA’+ CC’ with OO’. 

Ex. 48. Prove that the upper base of a & 
truncated parallelepiped is inclosed by a paral- 
lelogram. A 

Ex. 49. Prove that a plane passed through 
the center of a parallelepiped divides it into two equal solids. 

Ex. 50. The volume of a truncated parallelepiped is equal to the 
area of a right section, multiplied by the dis- 
tance between the centers of the bases. 

Suggestion. By Ex. 47, the distance between 
the centers of the bases may be proved equal 
to one fourth the sum of the lateral edges. 

Ex. 51. The sum of the perpendiculars 
drawn to the faces from any point within a 
regular tetraedron is equal to its altitude. 

Suggestion. Divide the tetraedron into tri- 
angular pyramids, having the given point for their common vertex. 
Find the volume of each and of the whole pyramid and form an 
equation. 

Ex. 52. Prove that the volume of a regular octaedron is equal to 
the cube of its edge multiplied by 2V2. 
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Ex. 53. What is the locus of points in space at the distance d from 
an unlimited line /? 

Ex. 54) The lateral area of a cylinder of revolution is 1207. The 
area of the base is 36. Find the altitude. 


Ex.\ 55.) Determine the lateral area of the right circular cylinder 
formed by revolving a rectangle, having base 6 and altitude h: 

(a) about its base; (b) about its altitude. 

Ex..56. How many square feet of heating surface are there ina 
hot-water pipe 9 feet long and 2 inches in outside diameter? 

Ex. 57. \ How high must a cylindrical can 5 in. in diameter be in 
order that it contain one gallon (231 cu. in.)? 


Ex. 58. What is the volume of the right circular cylinder inscribed 
in a cube of edge 10 in.? 

Ex. 59. What is the volume of the right circular cylinder cir- 
cumscribed about a right hexagonal prism of altitude 12 in., whose 
base is a regular hexagon having sides 2 in. long? 

Ex. 60. What is the effect upon the volume of a right circular 
cylinder : 

(a) if the altitude is doubled and the radius remains unchanged ? 

(b) if the altitude remains unchanged and the radius is doubled? 
trebled? 

Ex. 61. Find the lateral area, the total area, and the volume of 
the right circular cylinder whose: 

(a) altitude is 8 in., and radius is 4 in. 

(6) altitude is 12 in., and diameter is 6 in. 

Ex. 62. Prove that the volume of a cylinder of revolution is equal 
to its lateral area multiplied by one half the radius of its base. 

Ex..63. A regular hexagonal prism is inscribed in a right circular 
cylinder whose altitude is 10 in. and the radius of whose base is 3 in. 
Determine the difference between the volumes of the prism and 
cylinder. 

Ex. 64.) Two right circular cylinders have equal altitudes, but 
the radius of the base of the one is double the radius of the base of the 
other. Compare (a) their lateral areas; (b) their volumes. 

Ex. 65. What must be the length in inches of a 10-gal. gasoline 
tank which is 10 in. in diameter? 

Ex. 66. The cross section of a tunnel, 21 mi. in length, is in the 
form of a rectangle 6 yd. wide and 4 yd. high, surmounted by a semi- 
circle whose diameter is equal to the width of the rectangle; how 


many cubic yards of material were taken out in its construction? 
(x =3.1416.) 


~™ 
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Ex. 67. Express by a formula the volume of a round cast-iron 


_ column of length / ft., thickness t in., and outside diameter d in. 


Ex. 68. (a) A right triangle whose legs are c and d respectively 
is revolved about the leg c. What is the volume of the cone formed? 

(6) It is next revolved about the leg d. What is the volume of 
the cone formed ? 

(ce) What is the ratio of the volumes? 


Ex. 69. A right triangle whose hypotenuse is 16 in. has one acute 
angle of 60°. It is revolved around the side which lies opposite this 
60° angle. 

(a) What is the volume of the cone generated? 

(b) What is the lateral area of this same cone? 

Ex. 70. An isosceles right triangle whose sides are ain. long is 
revolved about one of these sides as axis. What is the volume and 
the lateral area of the cone generated? 

Ex. 71.- If the altitude of a cone remains unchanged, but its 
radius be trebled, what is the effect on the: 

(a) slant height? (b) volume? (ec) lateral area? 

Ex. 72. The slant height of a right circular cone is 12 in. and the 
diameter of its base is 6in. What is its: 

(a) lateral area? (6) total area? (c) volume? 

Ex. 73. What is the volume of the regular hexagonal pyramid 
inscribed in the cone of Ex. 72? 

Ex. 74. The altitude of a cone of revolution is 27in., and the 
radius of its base is 16in. What is the diameter of the base of an 
equal cylinder, whose altitude is 16 in.? 

Ex.(75. What is the effect upon the volume of a circular cone: 

(a) if the radius of the base is doubled, and the altitude is constant? 

(6) if the altitude is doubled, and the radius is constant? 

(c) if both the radius and the altitude are doubled? 

Ex. 76. A portion of a plane bounded by an equilateral triangle, 
whose side is a, revolves about a straight line drawn 
through one of its vertices parallel to the opposite side. , 
Find the area of the entire surface, and the volume of 
the solid generated. D 

(The solid generated is the difference of the cylinder 
generated by BCHG, and the cones generated by ABG ¢ 
and ACH.) IF 

Ex. 77. A portion of a plane bounded by an equilateral triangle, 


* whose altitude is h, revolves about one of its altitudes as an axis. 


Find the area of the surface, and the volume of the solid generated. 
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Ex. 78. A portion of a plane bounded by a right triangle, whose 
legs are 4 and 10, revolves about its hypotenuse as an axis. Find 
the area of the entire surface, and the volume of the solid generated. 


Ex. 79. A portion of a plane bounded by an equilateral triangle, 
whose side is 6, revolves about one of its sides as an axis. Find the 
area of the entire surface, and the volume of the solid generated. 


Ex. £0. What is the volume of the frustum of the right circular 
cone, whose radii are 8 in. and 6 in., respectively, and: 

(a) whose altitude is 10 in.? 

(b) whose slant height is 10 in.? 


Ex. 81. (a) What is the difference in volumes of a right circular 
cone of altitude h and radius r, and the regular hexagonal pyramid 
inscribed in it? 

(b) What is the value of this result when h = 15 andr = 4? 

Ex. 82. What is the ratio of: 

(a) the lateral areas of two similar cylinders of revolution if their 
altitudes are as 2:5? 

(b) What is the ratio of the volumes of these same cylinders? 

Ex. 83. Using Note, p. 412, if an army of given size is represented 


by the figure of a soldier 1 in. high, how large an army is represented 
by a similar figure 2 in. high? 


Ex. 84. If the number of bushels of corn produced in one year is 
represented by an ear of corn of length J, how long should a similar 
ear of corn be made to represent 9 times as many bushels? 


‘Ex. 85. What is the locus of the center of a sphere which will pass 
through all the points of a given circle? 


Ex. 86. What is the locus of the center of a sphere which will 
pass through each of three given points? 


Ex. 87. What is the locus of the center of a sphere which will 
pass through each of two given points? 


Ex..88. How far from the center of a sphere of radius 10 in. is a 
small circle of it whose circumference is 8 z in.? 


Ex. 89.) What is the radius of the circle made by a plane 3 in. 
from the center of a sphere of radius 10 in.? 


Ex. 90. The polar distance of a circle of a sphere of radius 12 in. 
is 30°. What is the radius of the circle and what is its distance from 
the center of the sphere? 


Ex. 91, Repeat Ex. 90, if the angle is 60°. 
Ex. 92. Repeat Ex. 90, if the angle is 45°. 
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Ex. 93. Is it possible for a sphere to be tangent to each of the 
faces of a given triedral angle? If there is more than one such sphere, 
what is the locus of the center? 

Ex. 94. What is the locus of the center of a sphere which will be 
tangent to each of the faces of a given diedral angle? 


Ex. 95. What is the locus of the center of a sphere which will 
have a given radius r and will be tangent to a given plane? 

Ex. 96. What is the locus of the center of a sphere which is 
tangent to a given plane at a given point? 

Ex. 97. Prove that a sphere can be circumscribed about a cube. 

Ex. 98. Is it possible for a sphere to pass through all the points 
of a given circle and also through a given point outside the plane of 
the circle? If so, tell how to determine its center and its radius. 

Ex. 99. What is the spherical excess of AABC, if: 

(OA Se eel corte Ao Ce 15047 
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Ex. 100. What is the spherical excess of the quadrilateral ABCD, 
fe 
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Ex. 101. What is the polar triangle of a trirectangular triangle? 

Ex. 102. What kind of a triangle is the polar triangle of a birec- 
tangular triangle? 

Ex. 103. (a) What is the area of the zone of altitude 4in. on a 
sphere of radius 10 in.? 

(b) Repeat the exercise if h = 5 in. 

(c) Repeat the exercise if h = 8 in. 

Ex. 104. Find the area of the spherical surface passing through the 
vertices of a regular tetraedron whose edge is 8. 

Suggestion. Draw DOE amd AOF perpen- 
dicular to AABC and BCD respectively. 

Ex. 105. What part of the surface of the 
sphere is the lune whose angle is: (a) 30°? 
(G)ET22 7296) L002? 

Ex. 106. How large is the angle of the lune 
which equals a trirectangular triangle of the 
sphere? 

Ex. 107. How large is the angle of the lune which equals the 
triangle whose angles are 70°, 80° and 90°? 
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Ex. 108. On the sphere of area 100 sq. in., what is the area of the 
lune whose angle is: (a) 50°? (6) 85°? ((c)) 125°? 

Ex. 109. On a sphere whose area is 260 sq.in., what is the area 
of the spherical triangle whose excess EH is: (a) 50°? (6) 75°? 
(c) 100°? 

Ex. 110. What part of the sphere is inclosed by the triangle whose 
angles are 75°, 100°, and 125°? ' 

Ex. 111. What is the volume of the sphere whose radius is: 
@) Steer ©) Assy @) Ui e 

Ex. 112. What is the radius of the sphere whose volume is 1 cu. 
foot, expressed correct to the nearest tenth of an inch? 

Ex. 113. <A circular sector whose central angle is 45° and radius 
12 revolves about a diameter perpendicular to one of its bounding 
radii. Find the volume of the spherical sector generated. 

Ex. 114, Given the volume of a sphere V to find the area of its 
surface. 

Ex. 115: What is the ratio of the volumes and of the areas of two 
spheres whose radii are 5 in. and 8 in. respectively? 

Ex. 116. What is the ratio of the volumes of two spheres, if the 
ratio of their areas is 36 : 81? 

Ex. 117. Find the volume of a spherical sector, the altitude of 
_ whose base is 12, the diameter of the sphere being 25. 

Ex. 118. If opposite sides of a spherical quadrilateral are equal, 
the opposite angles also are equal. 


Ex. 119. Prove that the diagonals of the quadrilateral in Ex. 118 
bisect each other. 
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AXIOMS, POSTULATES, DEFINITIONS, 
THEOREMS FROM PLANE GEOMETRY 


§ 5. (a) One and only one straight line can be drawn through 
two points; or two points determine a straight line. 

(6) A straight line extends infinitely far in each of two directions. 

§ 9. Two straight lines can intersect at only one point. 

§$ 13. The straight line-segment is the shortest line between two 
points. 

§ 16. A circle is a closed curved line, lying in a plane, such that 
all points of it are equidistant from a point within called the center. 

§ 19. All radii of the same circle or equal circles are equal. 

§ 21. An angle is the figure formed by two rays drawn from the 
same point. 

§ 24. Adjacent angles are two angles that have a common vertex 
and a common side between them. 

§ 26. If one straight line meets another straight line so that the 
adjacent angles formed are equal, each of these angles is a right angle. 

§ 27. All right angles are equal. 

§ 33. Two lines are perpendicular if they form a right angle. 

§ 35. The sum of all the successive adjacent angles around a point 
on one side of a straight line through the point is one straight angle, 
or 180°. 

§ 36. The sum of all the successive adjacent angles around a point 
in a plane is two straight angles, or 360 degrees. 

§ 37. Two angles are complementary if their sum is equal to a 
right angle. 

§ 38. Complements of the same angle or of equal angles are equal. 

§ 39. Two angles are supplementary if their sum is equal to a 
straight angle. 

§ 40. If two adjacent angles have their exterior sides in a straight 
line, they are supplementary. 

§ 41. If two adjacent angles are supplementary, their exterior 
sides lie in a straight line. 

§ 42. Supplements of the same angle or of equal angles are equal. 

§ 49. Ax. 1. Quantities which are equal to the same quantity or 

to equal quantities are equal to each other. 
; Ax. 2. Any quantity may be substituted for its equal in an equation 
or an inequality. 


*% 
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Ax. 3. If equals be added to equals, the sums are equal. 
Ax. 4. If equals be subtracted from equals, the remainders are 


5. If equals be multiplied by equals, the products are equal. 
Ax. 6. If equals be divided by equals, the quotients are equal. 
Ax. 7. The whole equals the sum of its parts. 
Ax. 8. The whole is greater than any of its parts. 


§ 59. Geometrical figures are congruent if they can be made to 
coincide. 


§ 60. Postulate. A geometrical figure may be moved without 
changing its shape or the size of its parts. 


§ 62. If two triangles have two sides and the included angle of 
one equal respectively to two sides and the included angle of the other, 
the triangles are congruent. 


§ 66. If two triangles have two angles and the included side of one 
equal respectively to two angles and the included side of the other, 
the triangles are congruent. 


§ 68. The base angles of an isosceles triangle are equal. 
§ 70. An equilateral triangle is also equiangular. 


§ 71. The bisector of the vertex angle of an isosceles triangle 
bisects the base and is perpendicular to the base. 


§ 73. If two triangles have the three sides of one equal respectively 
to the three sides of the other, the triangles are congruent. 


§ 77. If two points are each equidistant from the ends of a segment, 
they determine the perpendicular-bisector of the segment. 


§ 80-81. One and only one perpendicular can be drawn to a line at 
a point in the line. 


§ 86. An exterior angle of a triangle is greater than either remote 
interior angle. 


§ 87. There can be only one perpendicular to a given line from a 
point not on the line. 


§ 88. Two straight lines are parallel if they lie in the same plane 
and do not meet even if extended. 


§ 89. Postulate of Parallels. Through a given point there can be 
only one parallel to a given line. 


§ 90. If two lines are parallel to a third line, they are parallel to 
each other. 


§ 92. If two lines are cut by a transversal so that a pair of alternate- 
interior angles are equal, the lines are parallel. 


~% 
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§ 95. If two lines are cut by a transversal so that a pair of corre- 
sponding angles are equal, the lines are parallel. 


§ 96. If two lines are perpendicular to a third line, they are parallel. 


§ 97. If two lines are cut by a transversal so that a pair of interior 
angles on the same side of the transversal are supplementary, the lines 
are parallel. 

§ 99. If two parallels are cut by a transversal, alternate-interior 
angles are equal. 

§ 100. If two parallels are cut by a transversal, corresponding 
angles are equal. 

§ 101. If a line is perpendicular to one of two parallels, it is per- 
pendicular to the other also. 

§ 102. If two parallels are cut by a transversal, interior angles on 
the same side of the transversal are supplementary. 

§ 103. If two angles have their sides respectively parallel, they are 
equal, provided both pairs of parallels extend in the same directions 
from the vertices, or in opposite directions. 

§ 105. The sum of the angles of any triangle is one straight angle. 

§ 107. A triangle cannot have two right angles or two obtuse 
angles. 

§ 108. The acute angles of a right triangle are complementary. 

§ 109. An exterior angle of a triangle equals the sum of the two 
remote interior angles. 

§ 110. If two angles of one triangle equal respectively two angles 
of another triangle, the third angles are equal. 

§ 111. If two triangles have a side, the opposite angle, and another 
angle of the one equal respectively to a side, the opposite angle, and 

-another angle of the other, the triangles are congruent. 

§ 112. If two angles have their sides respectively perpendicular, 
they are either equal or supplementary. 

§ 113. If two right triangles have the hypotenuse and a leg of one 
equal respectively to the hypotenuse and a leg of the other, the 
triangles are congruent. 

§ 116. I. Any point in the Se pendinde bisotor of a segment is 
equidistant from the ends of the segment. 

II. Any point equidistant from the ends of a segment lies in the 
perpendicular-bisector of the segment. 

§ 117. I. Any point in the bisector of an angle is equidistant from 
the sides of the angle. 
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II. Any point equidistant from the sides of an angle lies in the 
bisector of the angle. 

§ 118. If two angles of a triangle are equal, the sides opposite are 
equal, and the triangle is isosceles. 

§ 119. If a triangle is equiangular, it is also equilateral. 

§ 120. A polygon is a closed broken line in a plane. 

§ 121. A polygon is convex if no side, when extended, will pass 
through the interior of the polygon. 

§ 125. A diagonal of a parallelogram divides it into two congruent 
triangles. 

§ 126. The opposite sides of a parallelogram are equal. 

§ 127. The opposite angles of a parallelogram are equal. 

§ 128. Two consecutive angles of a parallelogram are supple- 
mentary. 

§ 129. Segments of parallels included between parallels are equal. 

§ 130. Two parallels are everywhere equidistant. 

§ 131. The diagonals of a parallelogram bisect each other. 

§ 133. If two sides of a quadrilateral are equal and parallel, the 
figure is a parallelogram. 

§ 134. If the opposite sides of a quadrilateral are equal, the figure 
is a parallelogram. 


§ 135. If the diagonals of a quadrilateral bisect each other, the 
figure is a parallelogram. 


§ 141. If three or more parallels intercept equal segments on one 
transversal, they intercept equal segments on any other transversal. 


§ 142. If a line bisects one side of a triangle, and is parallel to a 
second side, it bisects the third side also. 


§ 143. If a line is parallel to the bases of a trapezoid and bisects 
one of the non-parallel sides, it bisects the other also. 


§ 145. The sum of the interior angles of a polygon having n sides 
is (n — 2) straight angles. 


§ 148. Axioms for combining inequalities. 


Ax. 9. If equals be added to unequals, the sums are unequal in the 
same order. 


Ax. 10. If equals be subtracted from unequals, the differences are 
unequal in the same order. 


Ax. 11. Ifa >bandb>c,thena>e. 


Ax. 12. If unequals be added to unequals in the same order, the 
sums are unequal in the same order. 


a 
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Ax. 13. If unequals be subtracted from equals or from unequals 
of opposite order, the differences are unequal and of order opposite 
to that of the subtrahend. 

§ 149. Fundamental inequalities for segments. 

(a) Any side of a triangle is less than the sum of the other two 
sides. 

(b) Any side of a triangle is greater than the difference of the other 
two sides. 

§ 150. Fundamental inequality for angles. 

An exterior angle of a triangle is greater than either remote interior 
angle of the triangle. 

§ 151. If two sides of a triangle are unequal, the angles opposite 
are unequal, the angle opposite the greater side being the greater. 

§ 152. If two angles of a triangle are unequal, the sides opposite 
are unequal, the side opposite the greater angle being the greater. 

§ 153. The hypotenuse of a right triangle is greater than either leg 
of the triangle. 

§ 154. The perpendicular from a point to a line is the shortest 
segment from the point to the line. 

§ 155. If two triangles have two sides of one equal respectively 
to two sides of the other, but the included angle of the first greater 
than the included angle of the second, then the third side of the first 
is greater than the third side of the second. 

§ 156. If two triangles have two sides of one equal respectively to 
two sides of the other, but the third side of the first greater than the 
third side of the second, then the angle opposite the third side of the 
first is greater than the angle opposite the third side of the second. 


§ 159. If a segment joins the mid-points of two sides of a triangle, 
it is parallel to the third side and equal to one half of it. 

§ 161. The median of a trapezoid is parallel to the bases and equal 
to one half their sum. 

§ 163. The bisectors of the interior angles of a triangle meet at a 
point which is equidistant from the sides of the triangle. 

§ 164. The perpendicular-bisectors of the sides of a triangle meet 
at a point which is equidistant from the vertices of the triangle. 

§ 165. The altitudes of a triangle meet at a point. 


§ 166. The medians of a triangle meet at a point which lies two 
thirds the distance from each vertex to the mid-point of the opposite 


side. 
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§ 172. The following facts are now evident : 

(a) All radii and all diameters of the same circle or of equal circles 
are equal. 

(b) A point is within, on, or outside a circle according as its distance 
from the center is less than, equal to, or greater than the radius. 

(c) A diameter of a circle bisects the circle and the surface inclosed 
by it; also, if a line bisects a circle, it is a diameter. 


§ 174. Only one circle can be drawn through three points which 
are not in a straight line. 


§ 175. A circle cannot be drawn through three points which do lie 
in a straight line. 


§ 176. A straight line cannot intersect a circle in more than two 
points. 


§ 180. In the same circle or in equal circles, if central angles are 
equal, they intercept equal arcs. * 


§ 181. In the same circle or in equal circles, if ares are equal, the 
central angles which intercept them are equal. 


§ 182. It may be proved by superposition that: in the same circle 
or in equal circles: 

(a) The greater of two unequal central angles intercepts the 
greater arc; 

(b) The greater of two unequal arcs is intercepted by the greater 
central angle. 


§ 184. In the same circle or in equal circles, if chords are equal, 
they subtend equal arcs. 


§ 185. In the same circle or in equal circles, if ares are equal, the 
chords which subtend them are equal. 


§ 187. In the same circle or in equal circles, if two minor ares are 
unequal, then their chords are unequal, the greater arc being sub- 
tended by the greater chord. 


§ 188. In the same circle or in equal circles, if two chords are 
unequal, then they subtend unequal minor arcs, the greater chord 
subtending the greater arc. 


§ 189. If a diameter is perpendicular to a chord, it bisects the 
chord and its subtended arcs. 


§ 190. The perpendicular-bisector of a chord passes through the 
center of the circle. 


§ 191. In the same circle or in equal circles, if chords are equal, 
they are equidistant from the center. 


mt 
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$192. In the same circle or in equal circles, if chords are equi- 
distant from the center, they are equal. 

§ 194. In the same circle or in equal circles, the less of two unequal 
chords is at the greater distance from the center of the circle. 

§ 195. In the same circle or in equal circles, if two chords are 
unequally distant from the center, the more remote is the smaller. 

$197. Astraight line perpendicular to a radius at its outer extremity 
is tangent to the circle. 

§ 198. A tangent to a circle is perpendicular to the radius drawn 
to the point of contact. 

§ 199. A line perpendicular to a tangent at its point of contact 
passes through the center of the circle. 

§ 200. A line from the center of the circle perpendicular to a 
tangent passes through the point of contact. 

§ 201. The tangents to a circle from an outside point are equal. 

§ 202. The two tangents to a circle from an outside point make 
equal angles with the line from that point to the center of the circle. 

§ 203. Parallel lines intercept equal arcs on a circle. 

§ 205. Two magnitudes of the same kind are commensurable when 
each contains the same unit of measure, called a common measure, 
an integral number of times. 

Two magnitudes of the same kind are incommensurable when no 
unit of measure can be found which is contained an integral number 
of times in each. 

§ 207. In the same circle or in equal circles, two central angles have 
the same ratio as their intercepted arcs. 

§ 210. A central angle is measured by its intercepted arc. 

§ 212. An inscribed angle is measured by one half its intercepted 
are. 

§ 213. An angle inscribed in a semicircle is a right angle. 

§ 214. Inscribed angles which intercept the same arc are equal. 

§ 215. The angle formed by a tangent and a chord drawn to the 
point of contact is measured by one half its intercepted arc. 

§ 216. The angle formed by two chords intersecting within a circle 


is measured by one half the sum of the arcs intercepted by it and its 


vertical angle. 

§ 217. The angle formed by two secants intersecting outside the 
circle is measured by one half the difference between its intercepted 
arcs, 7 


AT 4 Definitions and Theorems 


§ 218. The angle formed by a secant and a tangent is measured 
by one half the difference between its intercepted arcs. 

§ 219. The angle formed by two tangents is measured by one half 
the difference between its intercepted arcs. 


§ 233. If two circles are tangent to each other, their line of centers 
passes through their point of contact. 


§ 234. If the distance between the centers of two circles equals the 
sum of their radii, the circles are tangent externally. 


§ 235. If two circles intersect, the straight line joining their centers 
bisects their common chord at right angles. 


§ 250. Ina proportion, the product of the extremes is equal to the 
product of the means. 


§ 251. The mean proportional between two numbers is the square 
root of their product. 


§ 252. If the product of two numbers is equal to.the product of 
two other numbers, either pair may be made the means of a proportion 
of which the other pair are the extremes. 


§ 253. If the antecedents of a proportion are equal, then also the 
consequents are equal; if the consequents are equal, then also the 
antecedents are equal. 


§ 254. If three terms of one proportion are equal respectively to 
the three corresponding terms of another proportion, the remaining 
terms also are equal. 


§ 255. In any proportion, the terms are in proportion by alterna- 
tion; that is, the first is to the third as the second is to the fourth. 


§ 256. In any proportion, the terms are in proportion by inversion: 
that is, the second is to the first as the fourth is to the third. é 


§ 257. In any proportion, the terms are in proportion by addition: ; 
that is, the first plus the second is to the second as the third plus the 
fourth is to the fourth. 


§ 258. In any proportion, the terms are in proportion by subtrac- 
tion: that is, the first minus the second is to the second as the third 
minus the fourth is to the fourth. 

§ 259. In any proportion, the terms are in proportion by addition 
and subtraction; that is, the first plus the second is to the first minus 
the second as the third plus the fourth is to the third minus the fourth. 

§ 262. A parallel to one side of a triangle, intersecting the other 

two sides, divides the other two sides proportionally. 


§ 267. Parallel lines intercept proportional segments on all 
transversals. 
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' § 269. A line which divides two sides of a triangle proportionally 
is parallel to the third side. 

Si27ik In any triangle, the bisector of an interior angle divides 
the opposite side internally into segments proportional to the adjacent 
sides of the triangle. 

§ 273. Two polygons are similar if their corresponding angles 
are equal and their corresponding sides are proportional. 

§ 275. Two triangles are similar if they are mutually equiangular. 

§ 276. Two triangles are similar if two angles of one are equal 
respectively to two angles of the other. 

§ 277. Two right triangles are similar if an acute angle of one is 
equal to an acute angle of the other. 

§ 280. Two triangles are similar if an angle of one equals an angle 
of the other and the sides including these angles are proportional. 

§ 281. Two triangles are similar if their corresponding sides are 
proportional. 

§ 282. Corresponding altitudes of similar triangles have the same 
ratio as any two corresponding sides. 

§ 283. If two chords are drawn through a fixed point within a 
circle, the product of the segments of one is equal to the product of 
the segments of the other. 

§ 285. If any two secants are drawn through a fixed point outside 
a circle, the product of one and its external segment equals the 
product of the other and its external segment. 

§ 287. If a secant and a tangent are drawn to a circle from the 
same outside point, the square of the tangent equals the product of 
the whole secant and its external segment. 

§ 288. If the altitude be drawn to the hypotenuse of a right 
triangle: ® 

J. The altitude is the mean proportional between the segments of 


the hypotenuse. 
Il. Each leg is the mean proportional between the whole hypot- 


enuse and the adjacent segment. 

§ 290. If a perpendicular be drawn to the diameter of a circle 
from any point on the circle: 

(a) it is the mean proportional between the segments of the 
diameter; and 

(b) the chord drawn from the point to one end of the diameter is 
the mean proportional between the whole diameter and that segment 


of it which is adjacent to the chord. 
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§ 291. The square of the hypotenuse of a right triangle is equal 
to the sum of the squares of the legs. 

§ 292. The square of either leg of a right triangle equals the square 
of the hypotenuse minus the square of the other leg. 

§ 293. Two polygons are similar if they are composed of the same 
number of triangles, similar each to each, and similarly placed. 

§ 295. Two similar polygons can be separated into the same 
number of triangles, similar each to each, and similarly placed. 

§ 296. In a series of equal ratios, the sum of the antecedents is to 
the sum of the consequents as any antecedent is to its consequent. 

§ 297. The perimeters of two similar polygons have the same ratio 
as any two corresponding sides. 

§ 307. In any triangle, the bisector of an exterior angle at any 
vertex divides the opposite side externally into two segments whose 
ratio equals the ratio of the two adjacent sides of the triangle. 

§ 311. In any triangle, the square of the side opposite an acute 
angle is equal to the sum of the squares of the other two sides, minus 
twice the product of one of these sides and the projection of the other 
upon it. 

§ 312. In any triangle having an obtuse angle, the square of the 
side opposite the obtuse angle is equal to the sum of the squares of 
the other two sides, plus twice the product of one of these sides and 
the projection of the other side upon it. 


§ 314. When the three sides of a triangle are a, b, and c, the altitude 
to side @ is 


2VsG — a)(s — b)(s — ce) 


where s = i(a +6 +0). 


§ 315. In any triangle, the sum of the squares of two sides equals 
twice the square of half the third side plus twfee the square of the 
median drawn to that side. 


§ 316. The difference between the squares of two sides of a triangle 


equals twice the product of the third side and the projection of the 
median upon that side. 


§ 317. In any triangle, the product of two sides equals the product 
of the diameter of the circumscribed circle and the altitude upon the 
third side. a 

§ 319. In any triangle, the product of any two sides is equal to the 
product of the segments of the third side formed by the bisector of the 
opposite angle, plus the square of the bisector. 


.  } 


. 
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§ 324. Two congruent figures are necessarily equal, but two equal 
figures are not necessarily congruent. 


§ 326. The area of a rectangle is the product of its base and its 
altitude. 


§ 327. Comparison of rectangles. 

(a) Two rectangles having equal bases and equal altitudes are 
equal. 

(b) Two rectangles are to each other as the products of their alti- 
tudes and their bases. 5 

(c) Two rectangles having equal bases are to each other as their 
altitudes. 

(d) Two rectangles having equal altitudes are to each other as 
their bases. 

§ 328. The area of a parallelogram equals the product of its base 
and altitude. 

§ 329. I. Parallelograms having equal bases and equal altitudes 
are equal. 

II. Two parallelograms are to each other as the products of their 
bases and their altitudes. 

III. Parallelograms having equal altitudes are to each other as their 


bases. 
IV. Parallelograms having equal bases are to each other as their 


altitudes. 

§ 330. The area of a triangle equals one half the product of its 
base and altitude. 

§ 331. I. Triangles having equal bases and equal altitudes are 


equal. 
II. Two triangles are to each other as the products of their bases 


and their altitudes. 
III. Triangles having equal altitudes are to each other as their 


bases. 

IV. Triangles having equal bases are to each other as their altitudes. 

V. A triangle isone half a parallelogram having the same base and 
altitude. 
’ § 333. The area of a trapezoid equals one half its altitude multi- 
plied by the sum of its bases. 

§ 334. The area of a trapezoid equals the product of its altitude 
and its median. 

§ 335. The areas of two similar triangles are to each other as the 
squares of any two corresponding sides. 
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§ 336. The areas of two similar polygons are to each other as the 
squares of any two corresponding sides. 

§ 337. The square upon the hypotenuse of a right triangle is equal 
to the sum of the squares upon the two legs of the triangle. 

§ 341. Two triangles having an angle of one equal to an angle of 
the other are to each other as the products of the sides including these 
angles. : 

§ 349. Each angle of a regular polygon having 7 sides is G = *) 
straight angles. uh 


§ 350. A circle can be circumscribed about any regular polygon. 

§ 351. A circle can be inscribed in any regular polygon. 

§ 353. The central angle of a regular n-gon is o 

§ 354. If a circle be divided into any number of equal arcs, the 
chords of these arcs form a regular inscribed polygon of that number 
of sides. 

§ 355. If from the mid-point of each are subtended by a side of a 
regular polygon lines be drawn to its extremities, a regular inscribed 
polygon of double the number of sides is formed. 

§ 356. An equilateral polygon inscribed in a circle is regular. 

§ 357. If a circle be divided into any number of equal arcs, the 
tangents at the points of division form a regular circumscribed polygon 
of that number of sides. 

§ 358. Tangents drawn to the circle at the mid-points of the arcs 
included between two consecutive points of contact of a regular cir- 
cumscribed polygon form, with the sides of the original circumscribed 
polygon, a regular circumscribed polygon having double the number 
of sides. 


§ 359. The area of a regular polygon is equal to one half the 
product of its apothem and its perimeter. 


§ 366. Regular polygons of the same number of sides are similar. 
§ 367. The perimeters of two regular polygons of the same number 
of sides have the same ratio as their radii, or as their apothems. 


§ 368. The areas of two regular polygons of the same number of 
sides have the same ratio as the squares of their radii or as the squares 
of their apothems. 


§ 370. (a) A variable is a number which assumes different values 
during a particular discussion. 


(b) A constant is a number which has a fixed value during a par- 
ticular discussion. 


a 
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(c) The limit of a variable is a constant such that the numerical 
value of the difference between it and the variable becomes and 
remains less than any small positive number. 

The symbol for ‘‘ approaches the limit ”’ is —». 

§ 371. (a) If a variable x approaches a limit 1, then ex, where c is 
a constant, approaches the limit cl. 

(6) If two variables are constantly equal, and each approaches a 
limit, their limits are equal. 

§ 372. We define: 

(a) The length of a circle is the limit which the perimeters of regular 
inscribed polygons approach when the number of their sides is in- 
creased indefinitely. 

(b) The area of a circle is the limit which the areas of regular 
inscribed polygons approach when the number of their sides is in- 
creased indefinitely. 

§ 373. If regular polygons be inscribed in a circle, the apothems 
of the polygons approach the radius of the circle as limit as the number 
of the sides of the polygons increases indefinitely. 

§ 374. The circumferences of two circles have the same ratio as 
their radii or their diameters. 

§ 375. The ratio of the circumference of one circle to its diameter 
equals the ratio of the circumference of any other circle to its diameter. 

§ 376. The constant ratio of a circumference of a circle to its 
diameter is denoted by the Greek letter 7x. 

§ 378. The area of a circle is the product of one half its radius and 
its circumference. 

§ 379. The area of a circle of radius r = 77’. 

§ 381. The areas of two circles have the same ratio as the squares 
of their radii, or the squares of their diameters. 

§ 383. The area of a sector is to the area of the circle as its angle 
is to 360°. 


FORMULAS FROM PLANE GEOMETRY 


I. Formula for the altitude of a triangle whose sides are a, b, and ¢, 
and whose perimeter is 2 s: 


altitude to side a = lt = AAC — a)(s — b)(s — ¢). 
The altitude of an equilateral triangle whose side is b: 
h, = ov. 


II. Formulas for areas of plane figures : 


Let a = the number of linear units in the altitude; 

b = the number of the same kind of units in the base; 

A =the number of the corresponding surface units in the area. 
Let r = the number of linear units in the radius. 
Let p = the number of linear units in the perimeter. 


An equilateral triangle. AS Pad 3, where b = one side. 


. Any triangle. A =Vs(s—a)(s — b)(s — ce). 


Age Sap X «rr?, where n = the 
number of degrees in 
the Z of the sector. 


For THE AREA OF THE FORMULA IS 
1. A rectangle. A=ab. 
2. A parallelogram. A = ab. 
3. A triangle. A =iab. 
4. A trapezoid. A =ia(b; + 62). 
5. A circle. A =nr,or A = 17d’, 
6. A regular polygon. A =1apothem  X p. 
7. 
8 
9 


RCo meres Sai ot a 02, BO. F* 


. Asector of a circle. 


Ill. 1. The circumference of a circle = 2 ar; or wd. 
2. The length of an arc of a circle = —“_x 2ar, where n = the 
number of degrees in the arc. 360 
480 
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FORMULAS FROM SOLID GEOMETRY 


NOTATION 
h == length of altitude. c = circumference of lower base. 
s = length of slant height. c’ = circumference of upper base. 
e = length of edge or element. A = lateral area. 
p = perimeter of lower base. T = total area. 
p’ = perimeter of upper base. B = area of lower base. 
m = perimeter of mid-section. B’ = area of upper base. 
r = radius of lower base. M = area of mid-section. 
r’ = radius of upper base. V = volume. 
FIGURE FoRMULA FOR THE AREA | FORMULA FOR THE VOLUME 

Reetan clare giebl|les ce suctactste ers ner dere V = product of the three 

parallelepiped dimensions 
Obliquetis: ee a2) te 9 he eee Rea heen a V=Bh 

parallelepiped 
Any prism A = p(of rt. sect.) Xe V=Bh 
Right prism A=pe; or A= ph V=Bh 
ANY yarn awe re gm Witte gs. fy. cdao ea anes V=iBh 


Regular pyramid 

Frustum of any pyramid 

Frustum of a regular 
pyramid 

Prismatoid 

Any cylinder 

Right circular cylinder 


Any cone 
Right circular cone 


Frustum of rt. circular 
cone 

Sphere 

Lune 


Zone 


Spherical triangle 


A=28(pt+p'); A= sm 


A = p(of rt. sect.) Xe 
A=ch; or A=2arh 


T =2ar(r+h) 
A=tcs; A=m77s; 
T =nr(r-+s) 
A=4s(c+c’); or 
A=7s(r-+1’) 
A=477r 
arg [%= 00. ) 
-{ degrees in 
90 Z of lune. 
A=2zrh 
E =no. of 
arE | degrees in 


~ 780 \ excess of 
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V=3Bh 
V =}h(B+B’+V BB’) 
V =} h(B+B’+V BB’) 
V =3h(B+B’'+ 4 M) 
V=Bh 

V=7rh 


V=43Bh 


=itarh 


V 
V = 3 ah(r?+r2-+11’) 
V 


see me eeecrceeeser ese re 


ELEMENTARY TRIGONOMETRY. 


1. Sine of an angle. Let ZABC be any angle. On 
BC, take points P; and P;. Draw perpendiculars P,R, 
and P.R, to AB. 


Then ABP,R, ~ ABP... BC 
Polite Peles F, 
Pb oP. 
That is, the ratio of the perpendicular 
PR to the distance PB is the same, R, R; a: 


wherever P may be located on BC. 
This constant ratio is called the sine of Z B. (Sin B.) 
When the angle is acute, its sides and the perpendicular 
form a right triangle. In this right triangle, 
the sine of an (acute) angle = opposite side + hypotenuse. 


2. The approximate value of the sines of certain angles 


can be computed by elementary means. A 
Example 1. Determine the sine of 45°. 
Solution. 1. Let ZC = 45°. Draw AB 1 CB. m 
25 Then AB = CB, and.1 CB in, AB =m. 
3. «. CA? =m? +m; CA? =2m?; CA=mv2. © m = 
wie De en Oe lee BRN EAL 
4, SD see Gees nis mena — = dlc 


Example 2. Determine the sine of 60°. 


Solution. 1. Let 7B =60°. Draw PR 1 BA. 
Take PT = PB. Then ZT = 60°. 
APBT is equilateral, and BR = 4 BP. 
Let BP =2m. Then BR =m. 

In ABPR, PR? =(2 m)? — m?, or 3 m?. 

» PR =V3 m2, or PR = mv3. 

sin 60° <P. mV3 _ 1.782 _ g¢¢. 
esitinOU) = PB OE 3 

483 
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Example 3. Find the sine of 30°. 


Solution. 1. In the figure of Example 2, sin 30° = ae 
2. ”. sin 30°= ge =1 = .500. 


(a) When an angle changes, its sine changes; or the 

sine of an angle is a function of the angle. , 
Observe: sin 30°=.500; sin 45°=.707; sin 60° =.866. 
(b) When an angle increases, its sine increases. 


3. Use of the sine of an angle. 


Example. How long must the rafter X Y be cut if the 
rise XZ is 15’ and ZY is 45°? 


x 
Solution. 1. Sin 45° = = orsin45°- XY = 15. 
BX Yee oe eS OTe WAN 


sin45 .707 Z 


To make practical use of the sine, it is necessary to have 
the sines of a large number of angles. These values are 
given in the table on pages 496 to 500. 


Thus, on page 496, the sine of 8° 40’ = .1507. 


By means of this table, the approximate values of the 


sines of other angles can be computed. This will be 
explained later. 


4. The cosine of an angle. Be 
In the adjoining figure, y 
BR, = BR», B A 
Pater eel or ; Rey tetas 
That is, for all positions.of P, the ratio BR is constant. 


BP 
This ratio is the cosine of the angle. (Cos B.) 


In the right triangle formed when the angle is acute: 


cosine of an acute angle = adjacent side + hypotenuse. 


% 
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Using the results of Examples 1-3 of § 2: 


Cos 50° = IP VR & mv3 = V3 Lv Wey =< 


BP 2m 2 2 we: 
CB m 1 V2 1.414 
Cos 45° = = _—— _-_= = = J 
: ee on Non 2/2 2 2 


UW yg ed foe TS meee Oe 
Cos 60° = fqnit oases 500. 
(a) When an angle changes, its cosine changes; 7.e. the 
cosine of an angle is a function of the angle. 
(b) When an angle increases, its cosine decreases. 
(c) The cosine of many angles, correct to four decimal 
places, are given in the table on pages 496 to 500. 


Thus, cos 38° 20’ = .7844. 


5. The tangent of an angle. B/C 
P 
In the adjoining figure 
Pik; Paks 
oo ee ee eee B 
BR, BR, R, fk, A 
That is, for all positions of P on BC, the ratio oh is con- 


stant. This ratio is called the tangent of angle B. (Tan B.) 
In the right triangle formed when the angle is acute, the 
tangent of acute angle = opposite side + adjacent side. 


Using the results in Examples 1-3, § 2: 


pine AD meet 2 
Tan 45° = Gp a 


SPR mV Sees oe p70 
Tan 60 = oP 7 V3 782. 
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(a) When an angle changes, its tangent changes; 1.e., 
the tangent of an angle is a function of the angle. 

(b) When an angle increases, its tangent increases. 

(c) The tangents of many angles, correct to four deci- 
mal places, are given in the table on pages 496 to 500. 


Thus, tan 43° 10’ = .9380. 


6. The cotangent of an angle. 


In the adjoining figure, 


BR, _ BR. B A 
ear aE: Rey Rs 
That is, for all positions of P on BC, the ratio oh is 


constant. 


This ratio is called the cotangent of angle B. (Cot B) 
In the right triangle formed when the angle is acute, 


cotangent of acute Z = adjacent side + opposite side. 


Using the results in Examples 1-3, § 2 


° ee = S = =) 
cot 30° = BPG = V3 = 1.782. 
sabes B: m 
cot 45 sign es Sa 
cot 60° = BR _ _m 1 182 pra. 


Pitan /8 eal /8 ae ai 


(a) When an angle changes, its cotangent changes; 7.e., 
the cotangent of an angle is a function of the angle. 

(b) When an angle increases, its cotangent decreases. 

(c) Cotangents of many angles, correct to 4 decimal 
places, are given in the table on pages 496 to 500. 


Thus, cot 18° 50’ = 2.9319. 
& 
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7. Cofunctions. B 


In the adjoining figure, observe that: 


YEN a BC a BC. 
(a) sn A = AB’ and cos B = ae 


But B = 90 — A. A C 
.. sin A = cos (90 — A). 


Beara ee AC. 
(6) cosA = AP’ and sin B = a 


. cos A = sin (90 — A). 
BC 
(ip sees 
AC 
= tan A= cot (0 — A). 


(c) tan A.— ai and cot 


The sine and cosine are called cofunctions of each other; 
2.e., the sine is the cofunction of the cosine, as well as the 
cosine is the cofunction of the sine. 

Similarly the tangent and cotangent are cofunctions 
of each other. 

As a consequence of parts a, 6, and c, and the definitions, 
it appears that 


Any function of an angle equals the cofunction of the 
complementary angle. 


8. The fact developed in § 7 makes it possible to find 
the value of any function of an angle from 45° to 90° ina . 
table of the values of the cofunction of the angles from 
Oe Or4b-¢ 

Thus, cos 34° = sin 6% = .1045, 

sin 62° 30’ = cos {- 380’ = .9914. 


For this reason the table on pages 496 to 500 consists 
primarily of the values of the functions from 0° to 45°. 
Observe its second column headed Sin. The numbers in 
it are the sines of the angles opposite them at the left in 
column one. But at the foot of column two is the abbre- 


488 Trigonometry 


viation Cos. This means that the numbers in the column 
are also the cosines of certain angles, namely the angles 
opposite them at the right in column six. 

Thus, sin 6° 10’ = cos 83° 50’ = .1074. 

To find the value of a function of an angle greater than 
45°, which is listed in the table, find the angle in column 
six; find the desired function at the bottom of the page; 
then above that function, find the value opposite the given 
angle. 

Thus, cos 67° 40’ = .3800 (On page 498.) 


9. Practice in using the trigonometric table. 

(a) Recall first the facts developed in part b of § 2, 
§ 4, and § 5. 

(6) The approximate value of a function of any angle 
from 0° to 90° may be found from the table. 


Example 1. Find sin 27° 25’. 
Solution. 1. sin 27° 20’ = .4592 


Sha All? PAS ae difference = .0025. 
sin 27° 30’ = .4617 
23 5’isiof 10’. 4 of .0025 = .00138. 


3. Since the sine increases as the angle increases, 
sin 27° 25’ = .4592 + .0013, or .4605. 


Example 2. Find cos 62° 18’. 
Solution. 1. cos 62°10’ = e062) 
cos 62° 18’ ? 
cos 62° 20’ = .4643 | 
2s 8’ = §. of 10’. 8 X .0026 = .00208, or .0021. 
3. Since the cosine decreases as the angle increases, 
cos 62° 18’ = .4669 — .0021, or .4648. 


Example 3. Find tan 72° 33’. 


difference = .0026. 


Solution. 1. tan 72°30’ = 3.1716 
tani 72° 33! =. 47 difference = .0325. 
tan 72° 40’ = 3.2041 

2: 3’ is 3, of 10’. .8 X .0825 = .00975, or .0098. 


3. Since the tangent increases as the angle increases, 
tan 72° 33’ = 3.1716 + .0098, or 3.1814. 


% 
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Example 4. What is the angle x when sinx = .6354? 


Solution. 1. sin 39° 20’ = .6338 i‘ difference | 
6354 J = .0016 } difference = .0023. 


sin x = 

sin 39° 30’ = .6861 
Za .0016 + .0023 = .69. 13) SAD SS), Gre tf 
3. Since the sine increases when the angle increases, 


x = 39°20’ + 7’ or 39° 27’. 


Example 5. What is the angle x when cosz = .5874? 


Solution. 1. cos 54° 0’ = .5878 difference ) 
cos x = et = .0004 \ difference= .0024. 
cos 54°10’ = .5854 | 

2. 0004 + .0024 =2. 2X10’ = 12, or 2’. 


3. Since the cosine decreases as the angle increases, 
we = 54° 0' 4-27 or 54° 27. 


Ex. 1. Find: sin 40°; sin 70°; sin 38° 40’. 

Exo 2.) Hind!¢0s.3 7.5 COS 6p- +).C0s, 0450/7. 

. Find tan 18°; Fanio2 0am CO se Oce 
wind sit: sin — 46835 sin te— . (D388. 


3 
4 

Ex. 5. Find 4 ifs cos 7 = .8592) cos —-.2476. 
6. BPindizal> tana — .6175 5) tance —1..8321. 
7 


. Find x if: cosz = .8795; cosa” = .6594. 


10. Use of the trigonometric functions in plane figures. 


Example 1. AC represents a pole of unknown height. 
If B is 145 ft. from its foot C, and if the angle of elevation ' 
of A at B (namely ZCBA) is 34° 20’, find AC. 


Solution. 1. The function of 2B connecting AC and BC is the 
tangent. That is, 


tan B = AC or tan 34° 20’ = ——. 


BC 145 A 
2. AC = 145 X tan 84° 20’. 
3. AC = 145 X .6830, or 99.035 ft. oo" | 


That is, AC is about 99 ft. high. B 145 
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Example 2. AB represents the height of a hill 375 ft. 
above the level of alake. AD is an imaginary line parallel 
to BC. C represents the position of a ship. ZDAC 
= 30°50’. Find AC. 


Solution. 1. ZBCA =ZDAC = 30° 50’. De ae A 
2. The function of ZC connecting AB and AC Bae 
€ 


is the sine of ZC; or sinC = ot B 
: OTN. CHD " 3H 
sin 30° 50’ = Ac AC sin 30° 50’ 
375 
SW Tt 
= one 5125 


Note 1. ZDAC is the angle of depression of C at A. 


Note 2. If the pupils know how to use logarithms, the 
following solution is possible : 


r 375 
A. se dep sin 30° 50’ 
2. log AC = log 375 = 2.5740 
— log sin 30° 50’ = 9.7097 — 10 (See p. 504) 


“. log AC = 2.8643. 


3. AC = 781.66, or 731.7. 
log 731 = 2.8639) _. 
log AC = 2.8643 } ego 0004 } Diff. = .0006 
log 782 = 2.8645 
0004 + .0006 = 2 = .66, 


EXAMPLES FROM PLANE GEOMETRY 
Ex. 8. In the adjoining figure, AC is perpendicular to CD; CD 


= 2504t.; angle D = 42°30’. Find AC. ny 
Ex. 9. At a point 185 feet from the foot of a high 
building the angle of elevation of the top is 37° 20’. 
How high is the building? Cc D 


Ex. 10. From the top of a hill known to be 275 ft. above the level 
of the plain, the angle of depression of a house is 32° 45’. How far 
away is the house from an imaginary point directly below the top 
of the hill? 


& 
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Ex. 11. In AABC, BC is 20ft., ZB is 65° 40’, and AB is 8 ft. 
Draw a triangle to represent these conditions and draw the alti- 
tude AD. 

a. Find the length of AD. 

6b. Having found AD, find the area. 

Ex. 12. In the figure at the right is a 
right triangle in which AB = 10 ft. and BC 
Soe 

Gabinds Ce b. Find AC. 

Ex. 13. At a point 215 ft. from the foot 
of a high building, the angle of elevation 
of the top is 37° 50’. How high is the 
building? 30! 

Ex. 14. From a height of 350 ft., the angle of depression of an 
object on the plain below is 62° 25’. Find the distance of the object 
from a point in the plain directly below the point of observation. 

Ex. 15. In AABC, in which ZC is aright angle, and ZB is an angle 
of 34° 45’, side AB is 22 in. long. Find the length of AC and of BC. 

Ex. 16. The angle of elevation of an airplane at a certain point P 
is 58°30’. Point D, 1500 ft. distant, is directly below the airplane. 
How high is the airplane? 

Ex. 17. From a hilltop 145 feet above the level of a lake, the angle 
of depression of one sailboat is 32° 40’. The angle of depression of a 
second boat directly in line with the first boat is 48° 26’. What is the 
distance between the two boats? 

Ex. 18. An observer in an airplane, which is 2800 feet high, finds 
that the angle of depression of a station on the ground is 35° 18’. 
How far is it from his present position to a point directly over the 
station? 

Ex. 19. If the radius of a circle is 4 in., what is the length of a chord 
which subtends an arc of 38°? 

Ex. 20. If a circle of radius 15 in. be divided into five equal arcs, 
what is the length of the chord subtending one of the arcs? 

Ex. 21. The mid-point of a chord 12 in. long is 5 in. from the mid- 
point of the arc subtended by the chord. How many degrees are 
there in the are subtended by the chord? 

Ex. 22. In rt. AABC, having ZA = 90°, ZB = 25°, and AB 
= 25in., how long are: AC? BC? the altitude AD to BC? 

Ex. 23. In AABC, having AB = AC, and altitude AD drawn to 
base BC, find ZA and side BC if AB = 35in. and AD = 18 in. 
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Ex. 24. Ata point 200 ft. from the foot of a tower, on which stands 
a flagpole, the angle of elevation of the top of the tower is 35°, and of 
the top of the pole 47°. How high is the tower, and how long is the 
pole? 

Ex. 25. How long is the radius of the circle which is inscribed in 
an equilateral triangle whose sides are 15 in. long? 


Ex. 26. From a point 200 feet from the foot of a tower surmounted 
by a flagpole, the angle of elevation of the top of the pole is 39° 18’; 
from a point 150 ft. further away in a straight line with the tower, the 
angle of elevation of the foot of the pole is 22°. How long is the pole? 


Ex. 27. Prove that the area of AABC whose sides are a, b, and ¢, 
equals 4 ac sin B. 


EXAMPLES FROM SOLID GEOMETRY 


Ex. 28. The altitude of a right prism is 15in. Its base is inclosed 
by a regular pentagon, one of whose sides is 4in. long. Find its 
volume. 


Ex. 29. In triangular pyramid A—BCD, BC is 15 in., CD is 18 in., 
and ZC is 50°20’. The altitude from A to BCD is 20in. What is 
the volume of A-BCD? 


Ex. 30. What is the lateral area of the regular pyramid whose base 
is inclosed by an equilateral triangle whose sides are 15 in. long, if 
the lateral edges are 20 in. long? 

Ex. 31. What is the volume of the pyramid in Exercise 30? 

Ex. 32. What is the lateral area and the volume of the regular 
tetraedron whose edges are 24 in. long? 

Ex. 33. What is the volume of the right circular cone whose slant 
height is 25 in. and whose base radius is 5 in.? 

Ex. 34. What is the lateral area and the volume of the right cir- 
cular cone whose altitude is 18 in. and whose slant height is 22 in.? 

Ex. 35. What is the volume of the oblique parallelepiped whose 
altitude is 8in., and whose base is parallelogram ABCD having 
Abr 4in.. ZB =)05 4 and bOe="10 inuy 


ry 
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TABLE I. Cerrrarn Powers anp Roots 


Roots Roots 

i 1} 1.000 1 | 1.000 
2 4] 1.414 8 | 1.259 
5 9 | 1.732 27 | 1.442 
4 16 | 2.000 64 | 1.587 
5 255023236 125 | 1.709 
6 36 | 2.449 216 | 1.817 
7 49 | 2.645 343 | 1.912 
8 64 | 2.828 512 | 2.000 
'9 81 | 3.000 729 | 2.080 
10 100 | 3.162 1,000 | 2.154 
11 121 | 3.316 iso taleo2 25 
12 144 | 3.464 1,728 | 2.289 
2.351 


49 | 2’401 | 7.000 |117,649 | 3.659 
50 | 2,500 | 7.071 |125,000 | 3.684 


51 | 2,601 | 7.141 | 132,651 | 3.708 
52 | 2,704 | 7.211 | 140,608 | 3.732 
53 | 2,809 | 7.280 | 148,877 | 3.756 
54 | 2,916 | 7.348 | 157,464 | 3.779 
55 | 3,025 | 7.416 | 166,375 | 3.802 
56 | 3,136 | 7.483 | 175,616 | 3.825 
57 | 3,249 | 7.549 | 185,193 | 3.848 
58 | 3,364 | 7.615 | 195,112 | 3.870 
59 | 3,481 | 7.681 | 205,379 | 3.893 
60 | 3,600 | 7.745 | 216,000 | 3.914 
61 | 3,721 | 7.810 | 226,981 | 3.936 
62 | 3,844 | 7.874 | 238,328 | 3.957 
63 | 3,969 | 7.937 | 250,047 | 3.979 
64 | 4,096 | 8.000 | 262,144 | 4.000 
65 | 4,225 | 8.062 | 274,625 | 4.020 
66 | 4,356 | 8.124 | 287,496 | 4.041 
67 | 4,489 | 8.185 | 300,763 | 4.061 
68 | 4,624 | 8.246 | 314,432 | 4.081 
69 | 4,761 | 8.306 | 328,509 | 4.101 
70 | 4,900 | 8.366 | 343,000 | 4.121 
71 | 5,041 | 8.426 | 357,911 | 4.140 
72 | 5,184 | 8.485 | 373,248 | 4.160 
73 | 5,329 | 8.544 | 389,017 | 4.179 
74 | 5,476 | 8.602 | 405,224 | 4.198 
75 | 5,625 | 8.660 | 421,875 | 4.217 
76 | 5,776 | 8.717 | 438,976 | 4.235 
77 | 5,929 | 8.774 | 456,533 | 4.254 
78 | 6,084 | 8.831 | 474,552 | 4.272 
79 | 6,241 | 8.888 | 493,039 | 4.290 
80 | 6,400 | 8.944 } 512,000 | 4.308 
8i | 6,561 | 9.000 | 531,441 | 4.326 
82 | 6,724 | 9.055 | 551,368 | 4.344 
83 | 6,889 | 9.110 | 571,787 | 4.362 
84 | 7,056 | 9.165 | 592,704 | 4.379. 
85 | 7,225 | 9.219 | 614,125 | 4.3896 
86 | 7,396 | 9.273 | 636,056 | 4.414 
87 | 7,569 | 9.327 | 658,503 | 4.431 
88 | 7,744 | 9.380 | 681,472 | 4.447 
89 | 7,921 | 9.433 | 704,969 | 4.464 
90 | 8,100 | 9.486 | 729,000 | 4.481 
91 | 8,281 | 9.539 | 753,571 | 4.497 
92 | 8,464 | 9.591 | 778,688 | 4.514 
93 | 8,649 | 9.643 | 804,357 | 4.530 
94 | 8,836 | 9.695 | 830,584 | 4.546 
95 | 9,025 | 9.746 | 857,375 | 4.562 
96 | 9,216 | 9.797 | 884,736 | 4.578 
97 | 9,409 | 9.848 | 912,673 | 4.594 
98 | 9,604 | 9.899 | 941,192 | 4.610 
99 | 9,801 | 9.949 | 970,299 | 4.626 
100 |10,000 |10.000 1,000,000 | 4.641 
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TABLE II. LoaGarirtams or NUMBERS 


TABLE II (Continued) 


No. | O 1 eS re 2 One G 


TABLE III. Vauues or THE Sines, Costnes, TANGENTS, 
AND COTANGENTS OF CERTAIN ANGLES 


ANGLE Sin Cos Tan | Cor ANGLE 
o° 0’ .0000 1.0000 -0000 90° 0’ 
10’ .0029 1.0000 .0029 343.77 89° 50’ 
ou sous 1 ane eee 171.89 40’ 
008 1.000 .008 114.59 30 
40’ .O116 -9999 .0116 85.940 20’ 
50’ .0145 .9999 0145 68.750 89° 10’ 
1° +0’ .0175 .9998 .0175 57.290 89° 0’ 
10’ .0204 .9998 0204 49.104 88° 50’ 
20’ .0233 .9997 .023 42.964 49’ ~ 
30’ .0262 .9997 .0262 38.188 30’ 
40’ .0291 -9996 .0291 34.368 20’ 
50’ .0320 9995 .0320 31.242 88° 10’ 
Py -0349 .9994 .0349 28.636 g8° 0” 
10’ .0378 -9993 .0378 26.432 87° 50’ 
20’ .0407 -9992 -0407 24.542 40’ 
30’ 0436 -9990 -0437 22.904 20’ 
40’ .0465 -9989 .0466 21.470 20’ 
50 .0494 .9988 -0495 20.206 87° 10’ 
3° 0’ .0523 .9986 .0524 19.081 87° 0” 
10’ 0552 9985 .0553 18.075 86° 50’ 
20° 0581 -9983 0582 LZ169 40’ 
30’ -0610 -9981 .0612 16.350 30’ 
40’ .0640 -9980 -0641 15.605 20’ 
50 -0669 .9978 -0670 14.924 86° 10’ 
4° iG -0698 .9976 -0699 14.301 86° 0” 
10’ 0727 .9974 .0729 IS T27 85° 50’ 
20’ .0756 -9971 .0758 13.197 40’ 
30’ .O785 -9969 .O787 12.706 30’ 
40’ .0814 .9967 -0816 12.251 20’ 
50 .0843 .9964 -0846 11.826 85° 10’ 
5° 0’ .0872 -9962 .O8S75 11.430 85° 0’ 
Se age ere tee | HEE RD 
‘ ‘ : Way 40 
30’ 0958 .9954 .0963 10.385 30’ 
40’ .0987 9951 .0992 10.078 20’ 
= a ee .9948 .1022 9.7882 84° 10’ 
104 9945 -1051 9.5144 84° 0” 
an 1074 .9942 -1080 9.2553 83° 50’ 
re -1103 -9939 -1110 9.0098 40’ 
ee 1132 -9936 -1139 8.7769 30’ 
He .1161 .9932 -1169 8.5555 20’ 
into aa. -9929 -1198 8.3450 83° 10’ 
‘ -9925 .1228 8.1443 83° 0’ 
mt 1248 .9922 1257 7.9530 82° 50’ 
+f .1276 9918 .1287 7.7704 40’ 
~ Lee 9914 .1317 7.5958 30’ 
an tees 9911 .1346 7.A287 20’ 
Rand 1363 -9907 .1376 7.2687 82° 10’ 
8 ie, .1392 9903 1405 . 7.1154 82° 0’ 
an hie .9899 .1435 6.9682 81° 50’ 
a0 pote .9894 -1465 6.8269 40’ 
rd ee -9890 .1495 6.6912 30’ 
Ha, cor 9886 1524 6.5606 20’ 
Fist fi .9881 1554 6.4348 81° 10’ 
0 -1564 9877 .1584 6.3138 81° 0’ 
Sin Cor ANGLE 
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TABLE III (Continued) 


ae es Ee 
ANGLE SIN Cos TAN Cor ANGLE 
9° 0’ 1564 9877 .1584 6.3138 81° 0’ 
10’ .1593 .9872 .1614 6.1970 80° 50’ 
20’ .1622 .9868 .1644 6.0844 40’ 
30’ 1650 -9863 .1673 5.9758 30’ 
40’ .1679 -9858 .1703 5.8708 20’ 
50’ 1708 -9853 1733 5.7694 80° 10’ 
10° 40% 1736 -9848 .1763 5.6713 89° 0” 
10’ 1765 -9843 .1793 5.5764 79° 50” 
20’ 1794 -9838 .1823 5.4845 40’ 
30’ .1822 -9833 .1853 5.3955 30” 
40’ 1851 -9827 .1883 5.3093 20” 
50’ 1880 -9822 .1914 5.2257 79° 10” 
Li 07 1908 -9816 1944 5.1446 79° OF 
10’ 1937 9811 .1974 5.0658 78° 50” 
20’ 1965 -9805 -2004 4.9894 40” 
30’ 1994 -9799 .2035 4.9152 30” 
40’ 2022 -9793 .2065 4.8430 20” 
50’ .2051 .9787 -2095 4.7729 78° 10” 
12° 0’ .2079 .9781 .2126 4.7046 78° «O” 
10’ 2108 .9775 -2156 4.6382 77° 50” 
20’ 2136 .9769 .2186 4.5736 40’ 
30’ 2164 .9763 okt 4.5107 30” 
40’ .2193 .9757 -2247 4.4494 20” 
50’ 2221 -9750 .2278 4.3897 77° 10” 
13° 0’ -2250 .9744 .2309 4.3315 iO 
10’ .2278 9737 .2339 4.2747 76° 50” 
20’ .2306 -9730 .2370 4.2193 40” 
30’ .2334 -9724 .2401 4.1653 30” 
40’ .2363 9717 .2432 4.1126 20° 
50’ .2391 -9710 -2462 4.0611 76° 10° 
14° 0’ .2419 .9703 .2493 4.0108 76° Of 
10’ .2447 -9696 .2524 3.9617 75° 50” 
20’ -2476 -9689 <2000 3.9136 40” 
30’ .2504 -9681 -2586 3.8667 30” 
40’ .2532 -9674 -2617 3.8208 20’ 
50’ .2560 -9667 .2648 3.7760 75° 10” 
15° 0’ -2588 -9659 .2679 3.7321 75° Of 
10’ .2616 -9652 eedalell 3.6891 74° 50” 
20’ .2644 -9644 -2742 3.6470 40’ 
30’ .2672 -9636 SPURT 3.6059 30” 
40’ 2700 -9628 -2805 3.5656 20” 
50’ 2728 -9621 -2836 3.5261 74° 10’ 
162207 2756 -9613 -2867 3.4874 74° 0” 
10’ .2784 -9605 .2899 3.4495 73° 50” 
20’ .2812 -9596 .2931 3.4124 40° 
30’ -2840 9588 -2962 3.3759 30° 
40’ .2868 -9580 .2994 3.3402 i 20" 
50’ .2896 .9572 -3026 3.3052 73° 10 
17° 0’ .2924 .9563 .3057 3.2709 73° «+O 
10’ -2952 -9555 .8089 3.2371 72° 50” 
20’ .2979 -9546 3121 3.2041 40° 
30’ .3007 .9537 3153 3.1716 30 
40’ .3035 -9528 -3185 3.1397 20’ 
50’ -3062 -9520 -3217 3.1084 72° 10’ 
18°5507 .3090 .9511 +3249 3.0777 72° O' 
ANGLE Cos SIN Cor Tan ANGLE 
So a a ee ee ee ee ee Be ee 


TABLE III (Continued) 


ANGLE Sin Cos TAN Cor ANGLE 
18° 0’ .3090 9511 .3249 3.0777 Ke ely 
10’ 3118 -9502 3281 3.0475 71° 50’ 
20’ .3145 .9492 3314 3.0178 40’ 
30’ 3173 .9483 3346 2.9887 30’ 
40’ .3201 .9474 3378 2.9600 20’ 
50’ .3228 -9465 3411 2.9319 Tis, 10° 
19° 0’ .3256 9455 .3443 2.9042 Mia On 
10’ .3283 -9446 .3476 2.8770 70° 50’ 
20’ .3311 .9436 .3508 2.8502 40’ 
30’ .3338 -9426 3541 2.8239 30’ 
40’ .3365 -9417 .3574 2.7980 20’ 
50’ .3393 -9407 .3607 2.7725 70° 10’ 
20° 0’ .3420 .9397 .3640 2.7475 70° «(O0’ 
10’ 3448 -9387 .3673 2.7228 69° 50’ 
20’ .3475 .9377 .3706 2.6985 40’ 
30’ -3502 -9367 .3739 2.6746 30’ 
40’ -3529 -9356 SY e.: 2.6511 20’ 
50’ BDO TL -9346 .8805 2.6279 69° 10’ 
21°30? 23584 -9336 .3839 2.6051 69° 0’ 
10’ 3611 .9325 3872 2.5826 68° 50’ 
20’ .3638 9315 .38906 2.5605 40’ 
30’ .3665 -9304 -3939 2.5386 30’ 
40’ .3692 .9293 3973 2.5172 20’ 
50’ .3719 9283 4006 2.4960 68° 10’ 
2323.05 .3746 .9272 4040 2.4751 68° 0’ 
10’ 21f3 .9261 A074 2.4545 67° 50’ 
20’ .3800 -9250 4108 2.4342 40’ 
30’ -3827 -9239 4142 2.4142 30’ 
40’ 23854 .9228 4176 2.3945 20’ 
50’ 3881 .9216 4210 2.3750 67° 10’ 
2320) .3907 -9205 4245 2.3559 67° 0’ 
10’ -3934 9194 4279 2.3369 66° 50’ 
20’ 3961 .9182 4314 2.3183 40’ 
30’ 3987 9171 A348 2.2998 30’ 
40’ 4014 -9159 A383 2.2817 20’ 
50’ 4041 .9147 4417 2.2637 66° 10’ 
24° 0’ 4067 9135 4452 2.2460 66° z 
10’ A094 .9124 4487 2.2286 65° 50’ 
20’ 4120 9112 4522 2.2113 40’ 
30’ 4147 -9100 4557 2.1943 30’ 
40’ A173 9088 4592 2.1775 20’ 
50 -4200 .9075 4628 2.1609 65° 10’ 
25° 0’ 4226 -9063 4663 2.1445 65° 0’ 
10’ 4253 9051 4699 2.1283 64° 50’ 
20° 4279 9038 A734 2.1123 40’ 
30’ 4305 -9026 4770 2.0965 30’ 
40’ 4331 9013 A806 2.0809 20’ 
50 4358 -9001 4841 2.0655 64° 10’ 
26° 0’ 4384 .8988 A877 2.0503 64° 0’ 
10’ 4410 .8975 4913 2.0353 63° 50’ 
20’ 4436 .8962 4950 2.0204 40’ 
30’ 4462 .8949 4986 2.0057 30’ 
40’ 4488 .8936 5022 1.9912 20’ 
50 4514 .8923 -5059. 1.9768 63° 10’ 
ate +07 4540 8910 .5095 1.9626 63° 0’ 
ANGLE Cos Sin Cor TAN ANGLE 


TABLE III (Continued) 


Six Cos Tan Cc a 
yee Td 4540 -8910 5095 = — 
10’ “4566 8897 "3132 9436 | ea? 50° 
pi 566 8897 5132 1.9486 62° 50’ 
+f 4092 | .8884 5169 1.9347 40’ 
re 4617 8870 .5206 1.9210 30’ 
4643 .8857 524: 7. 
a = 88 5243 1.9074 20’ 
a Oe 4669 8843 -5280 1.8940 62° 10’ 
28 > oe — 5317 1.8807 62° QO’ 
20’ 4746 el cae gee ee 
at 148 802 | .5392 1.8546 40’ 
= 477 2 8788 5430 1.8418 30’ 
El AT a7 8774 5467 1.8291 20’ 
ee A823 .8760 -5505 1.8165 61° 10’ 
29 chet 4848 8746 5543 1.8040 ax bed 
aes A874 8732 5581 1.7917 60° 50’ 
reel “pol a 5619 1.7796 40’ 
492 .87 5658 1.7675 af 
orf 4950 .8689 .5696 1 7556 30 
eee A975 -8675 5735 1.7437 60° 10’ 
30 che -5000 .8660 5774 £7S21 60° 0’ 
= -5025 .8646 .5812 1.7205 59° 50’ 
dé — — 5851 1.7090 40’ 
5075 ; 5890 1.6977 3 
— 5100 -8601 .5930 1.6864 30° 
: 5125 -8587 .5969 1.6753 59° 10’ 
, 5 - 
31 pa 5150 8572 -6009 1.6643 59° 0’ 
ss ATS 8557 .6048 1.6534 58° 50’ 
+e = mee met 1.6426 40’ 
5 -85 -6128 1.631 - 
40’ .5250 -8511 .6168 esis 30’ 
50 .5275 -8496 .6208 1.6107 58° 10’ 
32° 0 .5299 8480 6249 1.6003 
5 : 2 ; 58° "6. 
10’ 5324 -8465 -6289 1.5900 57° 50’ 
20° .5348 -8450 .6330 1.5798 40’ 
30’ .5373 8434 -6371 1.5697 30’ 
40’ 5398 .8418 -6412 1.5597 20’ 
50 5422 -8403 -6453 1.5497 57° 10’ 
Secs 5446 .8387 -6494 1.5399 ry fee Ue 
10’ 5471 .8371 .6536 1.5301 56° 50’ 
mt ae ‘nee .6577 1.5204 40’ 
: 3 -6619 1.5108 ye 
40’ 5544 .8323 -6661 13013 v7 
50 5568 .8307 .6703 1.4919 56° 10” 
84° 0’ 5592 .8290 .6745 1.4826 56° 0” 
10’ .5616 .8274 .6787 1.4733 55° 50” 
20° .5640 -8258 -6830 1.4641 40’ 
30” 5664 .8241 .6873 1.4550 30’ 
40 .5688 .8225 -6916 1.4460 20’ 
50’ 5712 8208 6959 1.4370 55° 10’ 
35° *0% 5736 .8192 -7002 1.4281 55° 0” 
10’ .5760 .8175 -7046 1.4193 54° 50” 
20’ 5783 -8158 -7089 1.4106 40’ 
30’ .5807 .8141 -7133 1.4019 30’ 
40 5831 .8124 MATT 1.3934 20’ 
50’ 5854 -8107 BPA! 1.3848 54° 10’ 
S62770; .5878 -8090 .7265 1.3764 54° 0’ 
ANGLE Cos Sin Cor Tan ANGLE 


TABLE III (Continued) 


ANG 
NGLE j Six Cos ae = 
~ , Saec z T | = 
ne 46 5878 .8090 7265 = | ANGLE 
a 5901 .8073 73 1.3764 54° (0 
30’ Sees 3056 7310 | 1.3680 | 88° 50” 
594 f 1.3597 : 
40’ 3072 pte 7400 | 113514 40’ 
50’ 599 A .7445 1.3432 30 
o 8004 FAC Le 20’ 
37° 0’ 6018 7 7490 1.3351 53° 10’ 
, .7969 5 270 53° (O’ 
20 6065 Lh 7581 1.3190 ° 
30’ 6088 7934 vor | iall | ao 
= 6111 7673 pets 
50’ 6134 rid 7720 | 12954 30’ 
38° 0 ants seis 7766 eee ee se 
a 6180 pe 7813 1.2799 52° 
20’ 6202 hate 7860 12723 2° 0 
30’ 6225 = "79007. | 1.2647 51° 50’ 
40’ 6248 tae "7954 | 1.9572 40’ 
50° 6271 es -8002 Tees 30’ 
msl 6293 aber oe 133493 | 61° 40” 
a 6316 ee 8098 19340 : 
a 6338 pie PER We ee ee 
30’ 6361 "7716 8195 1.2903 50° 50’ 
a” | oss | “7008 $243 | 12131 a Le 
40° 0” # 7679 18342 ee 20’ 
10’ 6428 .7660 50° 10’ 
ae 6450 7642 $301 | 1igis | 50° 0 
30’ 6472 7623 . | 1.1847 49° 50’ 
40’ os 7604 — 1.1778 ind 
50’ G5i7 7585 eet 1.1708 aS 
6539 8591 1 30 
41° 0’ 7566 8642 1 ee 20’ 
-6561 T5AT ae = 1 49° 10’ 
1.1504 | 49° oO 


TABLE IV. Locarirams or THE SrvEs, Cosrvzs, TANGENTS, 
AND COTANGENTS OF CERTAIN ANGLES (INCREASED BY 10) 


ANGLE Loe sin’ | Loe cos Log TAN Loe cor ANGLE 
o° 0’ | | 90° 0’ 
10’ 7.4637 10.0000 7.4637 12.5363 89° 50’ 
20’ .7648 .0000 .7648 2302 40’ 
30’ -9408 -0000 -9409 0591 30’ 
40’ 8.0658 -0000 8.0658 11.9342 20’ 
50’ .1627 -0000 .1627 .8373 89° 10’ 

1°) 0” 8.2419 9.9999 8.2419 11.7581 89° 0’ 
10’ .3088 -9999 3089 6911 88° 50’ 
20’ .3668 -9999 .3669 6331 40’ 
30’ 4179 -9999 4181 -5819 30’ 
40’ 4637 .9998 4638 .5362 20’ 
50’ .5050 -9998 .5053 A947 88° 10’ 
3°: 10 8.5428 9.9997 8.5431 11.4569 88° 0’ 
10’ .O776 .9997 5779 4221 87° 50’ 
20’ .6097 -9996 -6101 .3899 40’ 
30’ .6397 -9996 6401 .3599 30’ 
40’ .6677 -9995 -6682 .3318 20’ 
50’ -6940 -9995 -6945 .3055 87° 107 
So. 407 8.7188 9.9994 8.7194 11.2806 Sia 0% 
10’ -7423 -9993 -7429 2071 86° 50’ 
20’ .7645 9993 -7652 .2348 40° 
30’ -7857 -9992 * 7865 -2135 30’ 
40’ .8059 9991 .8057 .1933 20’ 
50’ 8251 -9990 .8261 1739 86° 10’ 

4° 0’ 8.8436 9.9989 8.8446 11.1554 86° 0’ 
10’ .8613 -9989 .8624 .1376 85° 50’ 
20’ .8783 -9988 .8795 .1205 40’ 
30’ .8946 .9987 -8960 -1040 30’ 
40’ .9104 -9986 .9118 .0882 20’ 
50’ .9256 -9985 .9272 .0728 85° 10’ 
je a4 8.9403 9.9983 8.9420 11.0580 85° 0’ 
10’ -9545 -9982 -9563 .0437 84° 50’ 
20’ -9682 -9981 -9701 -0299 40’ 
30’ -9816 -9980 -9836 -0164 30 
40’ -9945 .9979 -9966 .0034 20’ 
50’ 9.0070 .9977 9.0093 10.9907 84° 10’ 
627.07 9.0192 9.9976 9.0216 .9784 84° 0” 
10’ .0311 9975 .0335 10.9664 83° 50 
20’ -0426 9973 0453 .9547 40° 
30’ .0539 9972 .0567 9433 30” 
40’ -0648 .9971 .0678 .9322 20° 
50’ .0755 -9969 .0786 -9214 83° ate 
09" 9.0859 9.9968 9.0891 | 10.9109 83° 0 
: 10’ -0961 -9966 -0995 -9005 82° 50” 
20’ -1060 .9964 -1096 .8904 40° 
30’ HIST .9963 1194 -8806 30” 
40’ «1252 .9961 .1291 .8709 a 20° 
50’ .1345 .9959 .1385 .8615 82 an 

de 9.1436 9.9958 9.1478 | 10.8522 82° 0 
: 10’ 1525 -9956 .1569 .8431 81° 50’ 
20’ .1612 9954 -1658 2 40° 
30’ .1697 .9952 1745 30” 
40’ .1781 -9950 .1831 . 20’ 
50’ .1863 9948 1915 81 ad 
9° 0 9.1943 9.9946 9.1997 81° 0 


Log sin Loa cor 


Loa cos 
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TABLE IV (Continued) 


ANGLE Loe sin Loc cos Loe TAN Loe cor ANGLE 
9° 07 9.1943 9.9946 9.1997 10.8003 81° 0’ 
10’ .2022 .9944 .2078 -7922 80° 50’ 

20’ .2100 .9942 .2158 .7842 40’ 

30’ .2176 -9940 -2236 .7764 30’ 

40’ .2251 .9938 .2313 .7687 20’ 

50’ .2324 -9936 .2389 7611 80° 10’ 

10° 0’ 9.2397 9.9934 9.2463 10.7537 80° 0’ 
10’ .2468 .9931 .2536 .7464 79° 50’ 

20’ .2538 .9929 -2609 .7391 40’ 
30’ -2606 .9927 -2680 -7320 30’ 

40’ .2674 .9924 .2750 .7250 20’ 

50’ .2740 .9922 .2819 -7181 79° 10’ 
LIS OZ 9.2806 9.9919 9.2887 10.7113 79° 0’ 
10’ .2870 .9917 .2953 .7047 78° 50’ 
20’ .2934 .9914 .3020 -6980 40’ 
30’ .2997 -9912 .3085 -6915 30’ 

40’ .3058 .9909 .3149 -6851 20’ 

50’ .3119 -9907 0212 .6788 78° 10’ 
12204 9.3179 9.9904 9.3275 10.6725 78° «#O’ 
10’ 3238 -9901 3336 -6664 77° 50’ 
20’ .3296 9899 .3397 .6603 40’ 
30’ $3.5.533) -9896 .3458 -6542 30’ 

40’ -3410 .9893 .3517 -6483 20’ 

50’ -3466 -9890 .3576 -6424 77° 10’ 
aie nye 9.3521 9.9887 9.3634 10.6366 ye ti 
10’ .3575 9884 3691 -6309 76° 50’ 
20’ -3629 -9881 .3748 -6252 40’ 
30’ .3682 .9878 .38804 -6196 30’ 
40’ .3734 9875 -3859 -6141 20’ 

50’ .38786 .9872 .3914 -6086 76° 10’ 
14° 0’ 9.3837 9.9869 9.3968 10.6032 76° «O’ 
10’ 3887 -9866 4021 .5979 75° 50’ 
20’ 3937 -9863 4074 -5926 40’ 
30’ -3986 -9859 -4127 5873 30’ 
40’ 4035 -9856 A178 5822 20’ 

50’ 4083 9853 4230 .5770 75° 10’ 
15°. 0’ 9.4130 9.9849 9.4281 10.5719 75° «O” 
10’ 4177 -9846 4331 -5669 74° 50’ 
20’ 4223 9843 A381 5619 40’ 
30’ 4269 -9839 4430 -5570 30’ 
40’ 4314 -9836 4479 -5521 20’ 
50’ 4359 9832 4527 0473 74° 10’ 
16° 0’ 9.4403 9.9828 9.4575 10.5425 74° 0’ 
10’ 4447 -9825 4622 5378 73° 50’ 

20’ 4491 .9821 -4669 .5331 40’ 
30’ 4533 -9817 A716 .5284 30’ 
40’ 4576 -9814 A762 .5238 20’ 

50’ A618 -9810 4808 .0192 73° 10’ 
17° 0’ 9.4659 9.9806 9.4853 10.5147 73° «0’ 
10’ .4700 -9802 A898 -5102 72° 50’ 

20’ 4741 : 9798 4943 -5057 40’ 

30’ A781 .9794 A987 -5013 30’ 
40’ 4821 .9790 5031 4969 20’ 

50’ A861 .9786 -5075 4925 72° 10’ 

18° 0’ 9.4900 9.9782 9.5118 10.4882 12° 0 
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TABLE IV (Continued) 


ANGLE Loe stn Loe cos Loe TAN Loe cor ANGLE 
18° 0’ 9.4900 9.9782 9.5118 4882 Oe 
10’ 4939 9778 5161 mayer a4° 60! 
20 A977 9774 -5203 A797 40’ 
30’ 5015 .9770 0245 4755 30’ 
40’ 5052 -9765 -5287 A713 20’ 
50’ -0090 9761 9329 A671 71° 10’ 
i9° 0’ 9.5126 9.9757 9.5370 10.4630 om OR 
10’ 0163 9752 411 4589 0° 50! 
20’ 5199 .97TAS 5451 4549 40’ 
30’ 0235 -9743 0491 4509 30’ 
40° 927 0 9739 0031 4469 20’ 
50 -0306 -9734 sayell 4429 70° 10’ 
20°> 02 - 9.5341 9.9730 9.5611 10.4389 70° =(0/ 
10’ 0375 -9725 -5650 -4350 69° 50’ 
20’ -5409 -9721 -0689 4311 40’ 
30’ 5443 .9716 5727 4273 30’ 
40’ O47 7 -9711 -5766 4234 20’ 
50’ -0010 -9706 -0804 4196 69° 10’ 
21° 0’ 9.5543 9.9702 9.5842 10.4158 69° 0’ 
10’ -0576 -9697 -5879 4121 68° 50’ 
20’ -5609 -9692 5917 4083 40’ 
30’ -0641 -9687 -5954 4046 30’ 
40’ 5673 .9682 .5991 4009 20’ 
50’ .5704 -9677 -6028 3972 68° 10’ 
22° 0’ 9.5736 9.9672 9.6064 10.3936 68° 0’ 
10’ -5767 -9667 -6100 -3900 67° 50’ 
20’ -5798 -9661 -6136 -3864 40’ 
30’ -0828 -9656 6172 | 3828 30/ 
40’ -5859 -9651 -6208 -3792 20’ 
50’ -5889 -9645 6243 | 3(5l 67° 10’ 
23° 0’ 9.5919 9.9640 9.6279 | 10.3721 67° 0’ 
10’ -50948 -9635 6314 | -3686 66° 50’ 
20’ -5978 -9629 .6348 3652 40’ 
30’ -6007 -9624 -6383 | 3617 30’ 
40’ -6036 -9618 6417 | 3583 20’ 
50’ -6065 -9613 .6452 .3548 66° 10’ 
24° 0’ 9.6093 9.9607 9.6486 | 10.3514 66° 0’ 
10’ | -6121 -9602 -6520 -3480 65° 50’ 
20’ -6149 -9596 -6553 3447 40’ 
30’ -6177 -9590 -6587 3413 30’ 
40’ -6205 9584 | -6620 | .3380 20’ 
50’ 6232 | -9579 -6654 | 3346 65° 10’ 
25° 0” 9.6259 9.9573 9.6687 | 10.3313 65° 0’ 
10’ -6286 | -9567 6720 | .3280 64° 50’ 
20’ 6313 | -9561 | 6752 | 3248 40’ 
30’ -6340 9555 | -6785 .3215 30’ 
40’ 6366 | 9549 | -6817 -3183 20’ 
50’ -6392 -9543 6850 | -3150 64° 10’ 
26° 0’ 9.6418 | 9.9537 9.6882 | 10.3118 64° 0’ 
10’ 6444 | -9530 -6914 .3086 63° 50’ 
20’ .6470 | -9524 .6946 3054 | 40’ 
30’ 6495 | -9518 .6977 .3023 30’ 
40’ -6521 | -9512 .7009 2991 | 20’ 
50’ -6546 -9505 -7040 .2960 | 63° 10’ 
27° «(07 9.6570 9.9499 9.7072 10.2928 63° 0” 
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TABL 
E IV (Continued) 


ANGLE 
Loa sIn 
en Loe cos 
° oe Loc TAN L 
z ‘sm a = 0G CoT A 
: 8 oo 9.7072 10.295 = 
40’ .6644 .9486 pied 3807 er 90 
50’ .6668 .9479 7168 3800 5 : 
28°: 0’ .6692 ae 196 ee : 
a 9473 Priae way 40’ 
2 740 Pope 9.7257 10 ie 
40/ 6787 9446 ae ats o1° 
50’ .6810 9439 7317 es be ° 
29° 0 6833 aoe 1318 ae : 
AG 9.6856 9425 .7378 3652 20 , 
z ose ete ‘7408 3502 20 
30’ .6901 tad “iaer | © se 
40’ .6923 aes Tar a - 
50’ 6946 .9397 oak 3508 ne : 
30° 0’ .6968 .9390 eee ira s 
i | 9.8990 9383 | "7585 34 i 
z son ee 7585 Ett 20 
30’ .7033 .9368 sig, ae co” 0 
i ee 9308 iy .2386 60° 
50’ .7076 .9353 .7673 ae ph . 
31° 0” -7097 9346 7701 eens | io 
13 9.7118 "9338 s7a0 2370 = 
y af aoe "7759 et 20 
" 7139 eos 9.7788 10 peed 
i 7 9323 ah .2212 59° 
50’ 7201 .9308 eee 3155 Og : 
32° 0’ £7222 eeud ‘002 = 
4G) 9.7242 eee 80 an : 
z ie Re ‘7930 3070 a0 
30’ .7282 one “Fase 4 a 
i ae 0276 oe .2042 58° 
50’ .7322 -9260 oe ‘986 BE : 
33° O” .7342 nr 8070 es : 
B 9252 Aes 1958 ai 
is 73 — -1930 oo 
10” pe 9.9236 pre iv 
i 7380 eee 9.8125 10 sated 
i i 0228 eae .1875 57° 
50’ 7438 9211 ead 1520 ‘. ; 
7457 aia 8235 He : 
203 eee .1792 sod 
8263 “ise 20 
, 
7 56° 10’ 


34° 0 
ve 9.7476 
18 7476 9.9186 
A 408 9186 9.8290 | 10 
: oe Siar 8200 1710 56° 
50’ .7550 .9160 oe “1656 _ : 
35° (O” 7568 ates is fn : 
10’ 9.7586 aie i a é 
Fe ‘oss aus ‘8425 “ae78 a0 
H to. 9134 9.8452 | 10 ae yee 
4 te 135 8452 1548 |. 55° 
50’ .7657 .9107 ae "104 a : 
36° 0’ .7675 sone ‘8350 a ¢ 
mek ‘9089 “BEe6 adh sd 
18586 : 
pte 1414 54° re 
10.13 soos! 
$7 
54° (O/ 
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TABLE IV (Continued) 


ANGLE Loe stn Loe cos Log TAN Loe cor ANGLB 
36° 0’ 9.7692 9.9080 9.8613 10.1387 o i? 
10’ 7710 -9070 -8639 .1361 ge 50" 

20’ 7727 9061 .8666 .1334 40’ 

30’ 7744 -9052 .8692 .1308 30’ 

40’ 7761 -9042 -8718 -1282 20’ 

50 478 -9033 -8745 .1255 53° 10’ 

37° 0’ 9.7795 9.9023 9.8771 10.1229 53° 0’ 
10’ 7811 9014 .8797 -1203 52° 50’ 

20° .1828 -9004 .8824 SLAG) 40’ 

30 -7844 .8995 -8850 .1150 30’ 

40’ 7861 -8985 -8876 -1124 20’ 

50 .7877 .8975 .8902 .1098 52° 10’ 

38° 0’ 9.7893 9.8965 9.8928 10.1072 52° =O’ 
10’ 7910 -8955 -8954 -1046 51° 50’ 

20’ -7926 -8945 .8980 -1020 40’ 

30’ .7941 -8935 -9006 -0994. 30’ 

40’ -7957 .8925 -9032 .0968 20’ 

50’ 7973 -8915 -9058 .0942 51° 10’ 

39° 0’ 9.7989 9.8905 9.9084 10.0916 51° 0’ 
10’ -8004 -8895 -9110 .0890 50° 50’ 

20’ .8020 .8884 -9135 .0865 40’ 

30’ .8035 .8874 -9161 -0839 30’ 

40’ -8050 .8864 -9187 -0813 20’ 

50’ -8066 -8853, -9212 .0788 50° 10’ 
40° 0’ 9.8081 9.8843 9.9238 10.0762 50° 0’ 
10’ -8096 .8832 , 9264 .0736 49° 50’ 

20’ 8111 -8821 -9289 0711 40’ 

30’ 8125 -8810 -9315 .0685 30’ 

40’ .8140 -8800 -9341 -0659 20’ 

50’ -8155 .8789 .9366 .0634 49° 10’ 
41° 0’ 9.8169 9.8778 9.9392 10.0608 49° 0’ 
10’ -8184 .8767 9417 .0583 48° 50’ 

20’ -8198 .8756 9443 .0557 40’ 
30’ .8213 8745 -9468 .0532 30’ 

40’ .8227 8733 -9494 *.0506 © 20’ 
50’ .8241 .8722 -9519 .0481 48° 10’ 
42° 0’ 9.8255 9.8711 9.9544 10.0456 48° 0’ 
10’ .8269 .8699 -9570 .0430 47° 50’ 

20’ -8283 .8688 -9595 .0405 40’ 

30’ .8297 .8676 -9621 .0379 30’ 

40’ .8311 -8665 -9646 .0354 20’ 

50’ .8324 .8653 -9671 .0329 47° 10’ 

43° 0’ 9.8338 9.8641 9.9697 10.0303 47° 0’ 
10’ .8351 -8629 .9722 .0278 46° 50’ 

20’ .8365 .8618 9747 .0253 40’ 
30’ .8378 .8606 .9773 .0228 30’ 

40’ -8391 .8594 .9798 .0202 20’ 

50’ -8405 .8582 -9823 .0177 46° 10’ 
44° 0’ 9.8418 9.8569 9.9848 10.0152 46° 0’ 
- 10’ .8431 8557 .9874 -0126 45° 50’ 
20’ 8444 8545 -9899 .0101 40’ 

30’ .8457 8532 .9924 .0076 30’ 

40’ .8469 .8520 ~ ,9949 .0051 20’ 
50’ .8482 .8507 .9975 .0025 45° 10’ 
45° 0’ 9.8495 9.8495 10.0000 10.0000 45° 0’ 
ANGLE Loe cos Loe sin Loa cor Loe TAN ANGLE 
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INDEX 


Angle, diedral, § 445; polyedral, 
$469; spherical, § 632; 
dral, §470; between intersecting 
curves, § 632; between a Hine 
and a plane, § 485. 

Area, of a sphere, § 653; lateral, 
of a prism, § 493; lateral, of a 
regular pyramid, § 519; lateral, 
of a rt. cire. cylinder, § 572; 
lateral, of art. circ. cone, § 592. 

Axis, of a sphere, § 610; of a cir- 
cular cone, § 582; of a circular 
cylinder, § 565. 


Cavalieri’s Theorem, § 532. 

Circle, great, of a sphere, 
small, of a sphere, § 610. 

Cone, § 581; altitude of a, § 581; 
axis of a circular, § 582; base 
of a, $581; circular, § 5382; 
frustum of a, § 582; lateral 
surface of a, § 581; rt. circular, 
§ 582. 


§ 610; 


Conical surface, § 577; convex 
closed, § 579; directrix of a, 
§577; element of a, § 577; 


generatrix of a, §577; vertex 
of a, § 577. 

Constant, § 529. 

Coplanar, § 411. 

Cylinder, § 560; altitude of a, 
§ 560; bases of a, § 560; circu- 
lar, § 561; element of a, § 555; 
lateral area of art. cire., § 572; 
lateral surface of a, § 560; total 
surface of a, § 560; rt., § 561; 
volume of a, § 568. 


Diedral angle, § 445; edge of a, 
§ 445; faces of a, § 445; plane 
Z of a, § 447. 


trie- | 


| Diedral angles, adj., § 446; equal, 
§ 450; vertical, § 446. 

Dimensions of a rect. parallele- 
piped, § 506. 

Directrix, of a conical surface, 
§ 577; of a cylindrical surface, 
§ 555. 

Distance, between parallel planes, 


§ 439; between pts. on the 
surface of a sphere, § 619; 
from pt. to a plane, § 425; 


polar, § 621. 
| Dodecaedron, § 492. 


Edge, of a half plane, § 444; of 
a polyedral angle, § 469. 

Element, of cone, § 581; of cylin- 
drical surface, § 555. 


Face angle of a polyedral angle, 
§ 469. 

Foot of a line on a plane, § 414. 

Frustum, of a pyramid, § 521; 
of a cone, § 582; of a pyramid 
inscribed in a frustum of a 
cone, § 590. 


Generatrix, of a conical surface, 
§ 577; of a cylindrical surface, 
§ 555. 

Great circle, §610; drawing a, 
§ 641. 
Half-plane, § 444; edge of a, 

§ 444. 
Hexaedron, § 492. 


Icosaedron, § 492. 
Inclination of a line to a plane, 
§ 485. 
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Interior of solid, § 490. 
Intersection of two surfaces, § 412. 


Lateral area, of a frustum of a 
regular pyramid, § 528; of a 
frustum of a rt. circ. cone, 
§591; of a cylinder, § 568; 
of a prism, § 493; of a regular 
pyramid, § 527; of a rt. cire. 
cone, § 591. 

Limit of a variable, § 529. 

Line, parallel to a plane, § 429; 
perpendicular to a plane, § 415. 

Lune, § 656; angle of a, § 656. 


Nappes of cone, § 577. 
Octaedron, § 492. 


Parallelepiped, § 502; rt., § 502; 
rectangular, § 502; center of a, 
Ex. 28, p. 358. 

Perpendicular, line and plane, 
§ 415; planes, § 455. 

Plane, § 406; determined, § 410; 
angle, of a diedral angle, § 447; 
perpendicular to a line, § 415; 
tangent to a cylinder, and to a 
cone, § 605. 

Planes, parallel, § 429; perpendic- 
ular, § 455. 

Polar distance, § 621; 
§ 642. 

Poles of a circle of a sphere, § 610. 

Polyedral angle, § 469; convex, 
§ 469; diedral angles of a, 
§ 469; edges of a, § 469; faces 
of a, § 469; face angles of a, 
§ 469; vertex of a, § 469. 

Polyedral angles, congruent, § 471; 
symmetrical, § 472; vertical, 
§ 473. 

Polyedron, § 491; diagonal of a, 
§ 491; edges of a, § 491; faces 
of a, $491; regular, § 544; 
vertices of a, § 491. 

Polyedrons, similar, § 547. 

Prism, § 493; altitude of a, § 493; 
bases of a, § 498; lateral area 


triangles, 


Index 


of a, § 493; lateral edges of a, 
§ 493; lateral faces of a, § 493; 
oblique, § 496; right, § 496; rt 
section of a, § 493; truncated, 
§ 540. 

Prismatoid, § 537; altitude of a, 
§ 587; bases of a, § 537; mid- 
section of a, § 537. 

Projection, of a line on a plone 
§ 482; of a point on a plane, 
§ 482. 

Pyramid, § 519; altitude of a, 
§ 519; base of a, § 519; lateral 
area of a regular, § 519; lateral 
edges of a, § 519; lateral faces 
of a, § 519; vertex of a, § 519; 
frustum of a, § 521; regular, 
§ 520; inscribed in a cone, 
§ 589. 


Regular, polyedron, § 544; pyra- 
mid, § 520. 


Sector, spherical, § 671. 

Segment, spherical, § 689. 

Skew st. lines, § 429. 

Slant height, of a frustum of a 
regular pyramid, § 526; of a 
frustum of a rt. cire. cone, 


§ 585; of a regular pyramid, 
§ 526; of a rt. circular cone, 
§ 585. 


Solid, § 490; volume of a, § 498. 

Solids, equal, § 499. 

Sphere, § 608; radius of a, § 608; 
diameter of a, § 608. 

Spheres, congruent, § 617; tan- 
gent, § 625. 

Spherical, angle, § 632; distance, 
§ 619; excess, § 646; pyramid, 
§ 695; polygon, § 686; sector, 
§ 671; segment, § 689; tri- 
angle, § 636; wedge, § 691. 

Spherical polygons, § 636; angle 
of a, §636; diagonal of a, § 636; 
sides of a, § 636; vertex of a, 


§ 636. 
% 


Index 


Spherical polygons, symmetrical, 
§ 662. 

Surface, §407; closed, § 488; 
conical, §577; convex, § 489; 
curved, § 487; cylindrical, § 555; 
generating a, § 554. 

Symmetrical, polyedral A, § 472; 
spherical polygons, § 662. 


Tangent to a sphere, a plane, 
§ 624. 

Tetraedron, § 492. 

Theorem, Cavalieri’s, § 532. 


Triangle, bi-rectangular, § 647; 
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spherical, 
lar, § 647. 
Triedral angle, § 470. 


§ 636;  trirectangu- 


Variable, § 529; limit of a, § 529. 
Volume, of a cone, § 591; of art. 
cire. cone, § 591; of a frustum 
Of aatte ClILCs CONE ss S109 lesa ot 
a cylinder, § 568; of any par- 
allelepiped, §512; of any prism, 


§ 514; of any pyramid, § 535; 
of a solid, § 498; of a sphere. 
§ 675. 


Zone, § 648; bases of a, § 648. 
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